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Abstract 

The branch group of a strongly controllable group code 
is a shift group. We show that a shift group can be charac- 
terized in a very simple way. In addition it is shown that 
if a strongly controllable group code is labeled with Latin 
squares, a strongly controllable Latin group code, then 
the shift group is solvable. Moreover the mathematical 
structure of a Latin square (as a translation net) and the 
shift group of a strongly controllable Latin group code 
are closely related. Thus a strongly controllable Latin 
group code can be viewed as a natural extension of a 
Latin square to a sequence space. Lastly we construct 
shift groups. We show that it is sufficient to construct 
a simpler group, the state group of a shift group. We 
give an algorithm to find the state group, and from this 
it is easy to construct a strongly controllable Latin group 
code. 

1 Introduction 

Kitchens introduced the fundamental idea of a group 
shift and showed that a group shift is a shift of finite 
type pp. A group shift is essentially a time invariant 
group code. Forney and Trott showed that a group code 
has a well defined state space and can be represented on 
a trellis, and a strongly controllable group code can be 
realized with a shift register [2]. In a following article, 
among other results, Loeliger and Mittelholzer gave an 
abstract characterization of the group which can appear 
as the branch group of a strongly controllable group code, 
which they call a group with a shift structure [3j. 

In this paper, we give a simple characterization of a 
group with a shift structure, or shift group. We show 
that a shift group G involves a normal chain {Xj} and a 
tower of isomorphisms using groups in the normal chain. 
In addition, there are two important normal subgroups 
Xq and Yq of G which have normal chains which also 
characterize the shift group. These results are shown in 
Section [3 

In Section [3j we use the theory of translation nets to 
show that if a group code is strongly controllable and is 
labeled with Latin squares, the shift group is solvable. 
We show that Latin squares which can appear in a Latin 
group code are isotopic to those constructed by the au- 



tomorphism method of Mann [19j . It is shown that if a 
group code is strongly controllable and if Xq DYq = 1, 
Xq ~ Yq, and Xq is elementary abelian, then a complete 
set of mutually orthogonal Latin squares can be used to 
label the group code (throughout the paper, we use 1 for 
the identity of a group). We show that the structure of 
a shift group is closely related to the structure of a Latin 
square as a translation net. 

In Section[4j we show that a shift group with XqDYq = 

1 can be represented as a subdirect product group. Then 
we give necessary and sufficient conditions for a subdirect 
product group to be a shift group. These conditions show 
that to find a shift group it is sufficient to construct the 
state group of a shift group. We give a characterization 
of the state group. 

Lastly in Section [5l we give an algorithm to find the 
state group of a shift group; this can be used to find a 
Latin group code. 

2 Shift groups 

Let Q be any graph with vertices V (also called states) 
and edges £; in shorthand we write Q — (V, £). We say a 
graph Q is I -controllable if for any ordered pair of states 
(s, s') in Q, there is a path of length I from s to s' in Q. 
A graph that is Z-controllable for some integer I is said to 
be strongly controllable. The least integer I for which a 
strongly controllable graph Q is ^-controllable is denoted 
as £, and we say Q is ^-controllable. In this paper, we 
only study the case / = I. 

The preceding definition uses the idea of controllability 
in systems theory and the theory of convolutional codes. 
There is a similar notion in the theory of symbolic dynam- 
ics, drawn from ergodic theory. A graph Q is primitive 
if there is a positive integer M such that for any ordered 
pair of states (s, s') in Q and any m > M, there is a path 
of length m from s to s' in Q [Tlj . If a graph has an edge 
into each state, then an ^-controllable graph is primitive 
with M = £. 

In this paper, we consider a particular graph con- 
structed using a group B 7 where the edges £ form group 
B, and the vertices V form a quotient group in B. We de- 
note this graph as Qb- We now discuss this construction 
in more detail. 



Let B be a finite group which contains normal sub- 
groups B + and B~ such that B/B~ is isomorphic to 
B/B + via an isomorphism ip : B/B~ — > B/B + . Let 
7r + be the (natural) map which sends each element of 
B to the coset of B + that it belongs to; likewise for 
7r~ : £? — ► B/B~ . Let 5s = (V,£) be the graph with 
vertices V = B/B + and edges £ = B, such that each 
edge e S 5 has initial state i(e) = 7r + (e) and terminal 
state t(e) = if) o 7r _ (e). (This discussion is taken from 
Problem 2.2.16 of 17J, which is based on [3].) It is 
known that the edge shift of graph Qb is a group shift, 
and moreover, any group shift which is also an edge shift 
can be modeled in this way [17l [2] . 

We want to determine when graph Qb is ^-controllable. 
As in [3], consider all paths eo, ex, . . . ej, . . . in Qb which 
begin in the identity state, i.e., i(eo) = B + . Let Bj~, 
j > 0, be the set of all edges ej on such paths. Similarly, 
consider all paths . . . e_j, . . . e_i, eo in Qb which end in 
the identity state, i.e., t(eo) = B~ . Let BJ , j > 0, be the 
set of all edges e_j on such paths. Note that Bq = B + 
and B Q = B~ . Also note that B+ < B and BJ <3 B [3] . 
The next result follows directly from work in [3]. 



Proposition 1 The graph Qb is I- controllable if and 
only if B^ = B, or equivalently, if and only if BJ = B. 

We denote the normal series Bj^ , Bq , B^ , . . . B^ by 
the notation {-B+}, where B^ 1 is the identity 1 of B, 
and the normal series BZi , -Bq - , £?-j~ , . . . BJ by the nota- 
tion {B~}, where BZi is the identity 1 of -B. Loeliger and 
Mittelholzer give a definition of a group with a shift struc- 
ture which uses {Bj~}, {B~}, and intersection terms [3]. 
Here we study a simpler definition which uses just {Bj~} 
and Bq [13l E] ■ Consider a group G with a normal series 



I-iCloCliC'-Cl, 



G, 



where X_i is the identity 1 of G. We denote the normal 
series X_i,X , ... Xt by {Z,-}. 

Definition 1 We say a group G has a s/iz/i structure 
({Xj}, Yq, <p) if there is a normal chain {Xj} with A"£ = G 
and each Xj < G, a normal subgroup Yo; an d an isomor- 
phism </? from G/Yq onto G/Xq such that 



(1) 



for -l<j< t. 

We say G is a shift group if it has a shift structure 

({x 3 },r ,^). 

Remark: Note that G/F ~ G/X implies \Y \ = |A | 
[3 . Furthermore, using |T]) for j = t — 1, we have 
^(AViV^o) - ^/A . This means AVi*o = G. 
Lastly, note that ([T]) holds trivially for j = — 1. 

Theorem 2 If the graph Qb is £- controllable, then B has 
a shift structure ({Bj}, Bq , -0). 



Proof If the graph C/s is ^-controllable, there is a se- 
quence {-B^} with B'l — B. It is easy to see that each 



B+ < B [3] 



We know that the terminal states of B - 



are the initial states of B^~ +1 . But the terminal states of 
Bj~ are ij)(Bf Bq / Bq), and the initial states of Bf +1 are 
B~j +1 /BQ . Thus we must have 



B n - 



5±I 



for all j, —1 < j < £. This proves ((I} of Definition 1. • 

Let G be a group with a shift structure ({Xj},Yo,ip). 
We define Qg to be a graph analogous to Qb, that is, Qg 
is the graph (V,£) with vertices V = G/Xq and edges 
£ = G, such that each edge e £ £ has initial state i(e) = 
7Tx(e) and terminal state t(e) = y> o 7Ty(e), where (p is 
an isomorphism ip : G/Yq — >• G/Xq, and 7r^, 7Ty are the 
natural maps 71^ : G — > G/Xq, iry ■ G — > G/Y"o- 

Theorem 3 iei ({X^}, Yo, ^ e a s/ii/t structure for 
some group G. Then the graph Qg is £- controllable. 

Proof We show that {Xj} gives a sequence of edges 
which form well defined paths. We must show that the 
terminal states of Xj are the initial states of Xj+x, But 
the terminal states of Xj are ip(XjYo/Yo), and the initial 
states of Xj + x are Xj + i/X . Since 

Lp(XjY Q /Y )=X j+ x/X 

by assumption, {Xj} gives a well defined sequence of 
edges. But we know that Xt — G; thus Qg is l- 
controllable by Proposition [TJ • 

The proofs of the above two theorems are patterned 
after corresponding proofs in [3]. These two theorems 
give the following important corollary. 

Corollary 4 The graph Qb is I- controllable if and only 
if B is a shift group with shift structure ({£?+}, Bq , ip). 
An analogous result holds for graph Qg- 

We pause here to give two useful technical lemmas. 
The following lemma is an easy extension of the first iso- 
morphism theorem. 

Lemma 5 Let H and H' be groups and consider any ho- 
momorphism f from H onto H' . If H[ is any normal 
subgroup of H' , then f^ 1 (H[) is a normal subgroup of H 
andH/f- 1 (H' 1 )~H'/H' 1 . 

Lemma 6 Let groups Q' , Q, R' , and R satisfy Q C R, 
Q' c Q, R' c R, Q' C R', R' n Q = Q', and R = QR' . 
Assume that Q < R, R! < R. There are three results: 



Q_^R_ 
Q' ~ R' 



(2) 



2 



with assignment qQ' i— ► qR' for q G Q, 

R _ R' 
Q ~ Q 7 ' 

and 

r_ _ _g # 

Q 7 ~ Q 7 X Q 7 ' 
Proof It is clear R'R = R'Q. Then 



R' R R'Q 



R' 



R' 



(3) 
(4) 

(5) 



By the second isomorphism theorem, there is an isomor- 
phism 

R R' R 



and an isomorphism 



R' n R R' 



Q R'Q 



R'nQ R' 
Then using there is an isomorphism 

Q R 



v- 1 o v' 



R'nQ R' n R 



or just 



v 1 o v 



j Q_^R_ 
Q'^R'' 
Thus there is an isomorphism 

Q'~R r 

with assignment qQ' i— » qR' for q 6 Q. This proves ([2]). 

We now show <j3j) . Since i? = QR 1 , each coset of Q m R 
must contain a representative in R' . But the representa- 
tives of R' in Q are Q'- Thus each coset of Q in i? contains 
one and only one coset of Q'. Then it is clear that we can 
define a 1-1 correspondence between cosets of Q' in R' 
and cosets of Q in R, and this gives the isomorphism in 
©■ 

We know that Q' < R. From the preceding paragraph, 
each coset of Q in R contains one and only one coset of 
Q' in R'. Then 



R_ 

~Q' 



Q' 



Since each coset of Q in R contains one and only one coset 
of Q', this means (Q/Q') n (R'/Q') = 1. Also we have 
Q/Q' < and R'/Q' < i?/Q'. Then Q follows. • 

We now discuss Figure [U which shows the relationship 
of some important groups in G. Note that groups in the 
same column are subgroups of the group at the top. 

Examine the left side of Figure [TJ Fix j, —1 < j < I, 
The natural map iry '■ G — > G/Yq is defined by the 
assignment g i— > gY). Let 7iv|Xj+i be the restriction 



G G/Y - G/X - G 



X* 



X; 



Xj+iY /Y 



Xj+2/Xo 



X 



i+2 



XjY /Y 



Y /Y Q 



Xj+i/X 



Xq/Xq 



X 



3 + 1 



Figure 1: Relationship of groups in G. 



of 7Ty to Xj+\. 
phism irY\Xj + i 



Then 7ry|Xj+i is an onto homomor- 
-> X J+1 Y /Y . Now ^Yo/Yo 



is a normal subgroup of Xj+iYo/Yo. Then from Lemma 
[5J (n Y \Xj + i)~ 1 (XjY /Y ) is a normal subgroup of 
(we call it X*), and 



X* 

Lemma 7 for —1 < j < 

Xj(X j+1 nY ), 



Xj+i ^ Xj+iYq/Yq 
XjY /Y 



(6) 



we /icwe X* < G, X* 



x 7 ny 



I; 



n Yq Xj n Yq 



(7) 



(8) 



Proof Note that X* is just X j+1 n 7Ty 1 (XjYo/Yo) = 
X,+i n X/Y . Thus X* < G. Moreover, by the Dedekind 
Law (cf. Problem 2.49 of [16 ), nX,-Y = Xj(X j+1 n 
Y ), giving X* = Xj(X j+ in Y a ). Thus X* is just the 
cosets of Xj with representatives in Xj+i H Yo, or as well 
the cosets of Xj+i (~l Yo with representatives in Xj. Ap- 
plying Lemma [5] shows (|7J| and (3|). • 

Proposition 8 FFe /lave A^*_ 1 = n Yo) = 

AV1Y0 = A*. Also X*_ x = X_i(X n Y ) = X n Y . 

Fix j, — 1 < j < £ — 1. In the center of Figure [TJ 
because of the isomorphism ip, we have 



Xj+iYo/Y) Xj+2/Xo 



XjY /Y X J+1 /X 



(9) 



On the right side of Figure [U we can apply the corre- 
spondence theorem or third isomorphism theorem |16j . 
For example, we have 



Xj +2 /X ^ X J+2 
Xj+i/Xq X j+ i 



(10) 



3 



Using ©, ©, and (TO]), we conclude 

X j+1 ^ X 3+2 

x* X J+1 



(11) 



Thus there is an isomorphism from Xj + ±/X* to 
Xj +2 / Further we see there is a homomorphism 
from Xj + i/Xj to Xj +2 / Xj + \. 

Theorem 9 If a group G has a shift structure 
({Xj}, Yq, ip), then the chief series {Xj} has a refinement 
given by 

■ ■ ■ C X j C X* C X j+1 C X* +1 C ■ ■ • , (12) 
where each X* <\ G, such that 



Xj+i x 



i+2 



x* x j+1 



(13) 



/or — 1 < j < £ — 1, where 

X* =X j (X j+1 nY Q ) (14) 
for -\<j < £. Note that X e /X^ 1 ~ 1. 
Proof This has been shown by (TTTj) and Lemma [7] • 

Remark: Note that X* = if and only if Xj+i DYq = 
Xj nY , and in this case |X,- + i|/|X/| = \X J+2 \/\X J+1 \. 
We have X*_ 1 = X_i(X ny ) = X r\Y . Since X t ^Y = 
G, we have X^ = X^-i^nYb) = G. By definition of £, 
we have X/j_i << X/j = G, and therefore X^_i << Xg_ ± . 
(For groups A and J3, we define A >> B and B « A if 
-B is a strictly proper subgroup of A.) 

Using the following lemma, we can refine the normal 
chain in (fT2| and collapse the tower of isomorphisms in 
(fT3]) into X Q . 

Lemma 10 Let G be a group with a shift structure 
({Xj}, Yq, ip). Fix j , —1 < j < I— 1. // there is a normal 
chain 

X j+1 = Q° j+1 < Q) +1 < Q 2 J+1 <■■■< Q?-{ < Q P J+1 = X j+2 , 

(15) 

then there is a normal chain 

X, ■ i (}■', : • • • : Q) < Q° < Q ) < Q ) < • ■ ■ 

ip- 1 ^nP - 



there are dependent relations among the Q" and 
< n < p. We have 



(18) 



/or m, ?i satisfying < m < n < p. Moreover Q™ <] G if 
<3 G, for n satisfying < n < p. In addition, Q™ 
and are related by the isomorphism tp, 



<P(Q?Y /Y ) = Q" +1 /X , 



(19) 



for n satisfying < n < p. For the normal chain in 
we have 



ipiXjYo/Yo) = ipiQ^Yo/Yo) 



rtQ'Yo/Yo) 



<p(Q%/Y Q ) = X j+1 /X a . (20) 



Conversely, if there is a normal chain as in U6\) with 
Q0 = X *, then there is a normal chain as in U5\) , and 
< G if Q™ < G, for n satisfying < n < p, and 
properties H^P -i TfTJ)) hold. 



Proof Fix j, -1 < j < I — 1. We first show that if ([15 
holds, then (H]) holds. As in (Fj§, let 



Q° i < Q) +1 < Q 



< 



be a normal chain with each <5" +1 < G. We know Xo < G 
and X C Qj+i- Then from the correspondence theorem, 
there is a normal chain 



Qj+i Qj+i 



Xo 



< 



X 



< 



Q 2 



X 



< 



< 



Xo 



where 



1 j+ 



i/Xq 



Qv / )"' ' (21) 

for to > 0, n > satisfying < m < n < p, and each 
Q? +} /X < G/X . 

Since if : G/Yq —* G/Xq is an isomorphism, for each 
n, < n < p, there is a subgroup Qj'/Yq such that 

ip(Q"/Yo) = Q" +1 /Xq. Thus the isomorphism (p gives 
a normal chain 



— < — < — <! 
Y Y Y 



Y ' 



< < Qj - X j+1 , (16) where each qn/ Yo <] G/F , and 



where Q® — X* and the normal chain 

\, (/;■■■■ : Q) < Q°j (17) 

is an arbitrary refinement of the trivial normal chain Xj < 
Qj . We have Xj = Q® if and only if Xj = X* ; in this 
case any refinement in |J7| ) is trivial. Although there is 
no restriction on the choice of the normal chain in Ji7[ ) ; 



Q]/Y Q Q] +1 /x 
Qf/Yo ~ QT+JXo' 



(22) 



(23) 



Since G is a shift group, we have Q®/Y = XjY /Y and 
Qj/Yo = Xj + iY /Y . 

As before, consider the natural map wy ■ G — > G/Yq 
defined by g i— > gYo, and its restriction 7ry|Xj+i. Define 

Qj = f (TrylXj+O-HQ; 1 /^). Then Q0 = X* and = 



4 



Xj + i. Then using (|22|) and the correspondence theorem, X* if Ej = 1. This means ij + Ej = ij+i- If we use the 

above procedure and apply Lemma[10jrecursively starting 
with the normal chain 



we have a normal chain 



where 



9T QT/ y ° 



(24) 



(25) 



Since Qj = X?, we have Xj C Q9, and combining this 

with KM]) gives (S). Note that Q™ = X i+ in7ry 1 (Qy/F ), 
and thus each Q!, 1 < G. Collecting {2T]), (23]), and ([23]) 

gives (HHJ. Finally we have that ip(Q^/Y ) = Q" +1 /X . 

But (7ry|X i+ i)(Q7) - QJ/F - This means Q*Y /Y = 

Qj/Y , giving ((111). 

Note that (^JJJ) holds since XjY = X*Y . 

Now assume (|16|) holds. We can show that (fT5jl holds 
by essentially reversing the above steps. • 

We see there are two cases to consider in Lemma [10] 
depending on whether X* = Xj or X* >> Xj. Formally 
we introduce a parameter Ej for —l<j<£. We set 
Ej = 1 if X* » Xj, and Sj = if X* = Xj. 

In the next theorem, we use Lemma [TUJ to find a re- 
finement of (fT2"]) . It is convenient to write the refinement 
using slightly different notation than in Lemma [TU1 Thus 
in place of (fT5"|) . we write the portion of the refinement 
between Xj+i and Xj + 2 as 

x j+1 = xf^ ] < < x^t 1+2) < ■ ■ ■ 

<X%-V <X%{=X j+2 , (26) 

where ij+i and £' are positive integers. Using (|26[) in 
Lemma 1101 we obtain the portion of the refinement be- 
tween Xj and Xj+x as 

«xf- 1 >«xf>=X i+1 , (27) 



j l3+1 -* = X*. We only use Lemma [TU] for a trivial 



refinement in (fT7| , that is, when Xj = 



where X 

at in ([TTjl. 

In ((17D, we have 
•V; -V, if , 0. 



X* if e 3 - = 1, and X 3 



(ij+i) _ 



a refinement in which the superscript m of X- runs 
from integer to integer For < j < £, we define 

Xjl'i d ^ f Xj d ^ xf } ; then Xji'j = X e = xf\ We also 

define X_i = X^-T 1 . In this notation, the portion of the 
refinement between Xj and Xj + i is 



Xj = < xf i+1) < xf s+2) < • • • 
<xf- 1 ^<xf ) 



X 



(28) 



Comparing ([2T]) and (|28[) shows that we must have Xj 



V 



ft) 



X 



ft+l) 



X* if £j = and X 



ft+i) 



X 



ft+l) 



we obtain 



*j = e E £ * 

for — 1 < 7 < £ Define 



(29) 



E 



£'= > E,. 

-Ki<t 



Then from (|29|) we see i_i = 0. If j = £, we define 

ij = it = £' trivially. Thus as j runs from — 1 to £, ij 
takes all values in the range [0, £']. 

Theorem 11 Let a group G have a shift structure 
({Xj}, Y"o: ( f)- There is a refinement of {Xj}, and of the 
normal chain in M2\). given by 



x_j = xiY < • • • < x^ =x = x^ o) < • • • 

< xf\ = X, = xf > < X^ +1) < x^' +2) < 
<x < f'- l) <xP = Xj +1 = X f^ <■■■ 



3 3 

< xfx ] < xf^ 1+l) 



xli{=X t = X™, (30) 



ft) 



where each xf ]+n) < G and = X* if e j = 1. 



Moreover 



X y _{ 



{ij+n) 



X 



(ij+n) 



(31) 



/or — 1 < j < £ and m, n satisfying ij < ij +m < ij +n < 
£' . In addition, the isomorphism tp satisfies 

v{X ^+^Y /Y ) = xflt 1+n) lX Q (32) 



for —l<j<£ and n satisfying ij + Ej < ij + Ej+n < £' . 
) Y /Y ) = xfl\ 

for -1 < j < £. 



We have ^X^Yo/Yo) = X^+ lj /X if Sj = 1 or £j = 0, 



Proof Starting from the normal chain X^_i = X^ 1 x ' < 



In general for each j, —1 < j < £ — 1, we define X 



(<?') 



Xt, where X^_i < G and Xg < G, we can use 



Lemma [TU1 to go 'backwards' and for each j, —1 < j < 
£ — 1, obtain a normal chain from Xj to Xj + i as in (|30p . 

where each <a G for n satisfying ij < ij + n < £' , 

and xf i+1) = X* if Ej = 1. 

Since ij + i = ij + Ej, we can restate flT9"]) of Lemma [TU] 
as in ([3l?|) , for n satisfying ij + Ej < ij + Ej + n < £'. 

It only remains to show ([3Tj) . We can do this by induc- 
tion. We assume (|3"Tj) holds for g + 1, that is, we assume 



v-(i 3 -+m) xr( i i+ m ) 
A 9+l A J 



(33) 



5 



and m, n satisfying 



< ij + m < X 



Note that the left hand side of (1331) is well 



for q + 1 < j < 
ij + n < £'. 

defined since i q +± < ij for q + 1 < j. Then we show ([3T 
holds for q, that is, we show 



X, 



(ij+n) 



X 



(ij+n) 



(ij+m) 



X, 



(ij +m) 



X 



(34) 



for q < j < £ and to, n satisfying ij < ij+m < ij+n < £'. 

Assume that j satisfies q + 1 < j ' < £ and to, n satisfy 
ij < ij + m < ij + n < £' . Assume that ([33]) holds. We 
can write the portion of the normal chain in (|30p between 
A g and X q+ i as 



(i+i) 



= X* >> Aj. Note that the quotient groups 
formed by entries at the intersection of each column of 
the same two rows are isomorphic. For example, 



X 



(i'-i) 



X 



i'-l) 



X 



(i'-l) 
J+l 



X 



3+2 



X 



(i+2) 



X 



(i+2) 



A 



(i+2) 

J+l 



A 



(i+2) 

i+2 



Figure [2] is reminiscent of the shift register structure used 
to realize strongly controllable group codes (2j [3] . 
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X q = X^ < A^ +1) < A^ +2) < • ■ 



<Af 



< xp 



x„ 



and between X q+ \ and X q . 



2 as 



(35) 
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(i+i) 



(i) 
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(i) 
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A, 



9+1 



A 9+l 



< A 



8+1 



< A 



9+1 



< 



< A^ +1 ^ < X { q % = X q+2 . (36) 



Then using Lemma [TU] with (|36|) in place of (TTS]) and 
in place of (fl6|) . we have from (fl~8|) 



A, 



(ij+n) 



A 



(ij+n) 
9+1 



A, 



(ij+m) 



A 



(ij+m) ' 
9+1 



(37) 



Note that all terms in ([37]) are well defined since i q < 
ig+i < *j for g + 1 < j. Combining ([37]) with ([33]) gives 



A, 



(ij+n) 



A 



(ij+n) 



A, 



(ij+m) 



A 



(ij+m) ' 



(38) 



We know that 



1 < J < ^ an d m, n 
'. But (EH also holds 



38]) holds for q - 
satisfying ij <ij+m<ij+n< 
trivially for j = q. Then (|38|) holds for q < j < £ and 
TO, n satisfying <ij+m<ij+n< giving (|34p . 

We start the induction by proving (f34|) for g = £ — 2. 
But from Theorem |H] or Lemma [TU1 we know there are 
normal chains Xi—\ < Xg and A^_ 2 < X* t _ 2 < A^_! with 

Af_i Af 



a; 



A^_ 



Rewriting this as 



A 



(*') 



A 



A 



A 



(it- 



gives {33]) for g = £ - 2. 



We illustrate Theorem [TT] in Figure [U In the example 
shown, we have e 3 +i = and £j = 1. Then if we let 



ij + 2 = i + l, we have i 



j+i 



i + 1 and ij 



this example then, we have Xj+^ 



X *j+i 



X 



j+i 



For 
and 



A 



(0) 



Figure 2: Illustration of Theorem [TT1 



We are particularly interested in the portion of the 
normal chain from X—i to Xq: 



A_i = A 



(i-i 



A'-i+i) 



< X^ 1+n) < 



<Ai i - 1 )<xi 1 >=A . (39) 



In (|39| . the superscript to of Ai™" 1 takes all values in 
the interval [i_i,£'] or [0,£']. Using ([2l)|) , for j satisfying 
— 1 < j < £, we know ij takes all values in the interval 

[0, ^']. Then for — 1 < j < £, the term appears in 

(|39p . and we can make the definition 

A/^AiV- 

Then 

A_i = A_i < A <- • •< Aj<- • •< A £ _i< A f = A (40) 

is a refinement of (|39[) which at most just repeats terms 
in (f3"9"| . Since each < G, we know that each 

A 3 < G. 

Given the shift structure ({Aj}, Yq; y) of a shift group 
G, the normal chain in (|30[) is uniquely determined, and 
so the normal chains (j39|) and (|40|) arc uniquely deter- 
mined. We say the normal chain in (|40[) is a signature 
chain of shift group G. Also, given the shift structure 
of a shift group G, we can form the intersection group 
Xj n Yo for each j, and this gives the normal chain 

i - (A_! n y ) c (A n Y a ) c (Ai n Y ) c • • ■ 

(A^nFo) c (A £ ny ) = y , (41) 

where each Aj n lb <1 G. We say the normal chain in (|4T|) 
is a cosignature chain of shift group G. The cosignature 



G 



chain is also uniquely determined by the shift structure 
of a shift group. 

We now give some properties of the signature and 
cosignature chain. 

Theorem 12 Let group G have a shift structure 
({Xj}, Yq, tp). Fix j, — 1 < j < £. The signature chain 
has the property that 



X 



X 



X 



X", 



and 



xi 



j+i x Q 
~" Aj' ' 
Xp 

Aj+1 ' 



3+1 



The cosignature chain has the property that 

XjYq Yq 

Xj Xj n Yq 

Y 



Xj+iY ^ 

Xj+i Xj+i n Yq 



xi 
x, 



Xj + \ n Yq 

Xi n Y 







and 



XjYo 
X* 



Xj+iYp 
X j+ i 



Yq 



x 3+1 n Y ' 



(42) 
(43) 

(44) 

(45) 

(46) 
(47) 

(48) 



where j45^-[4^ are analogous to Lastly, we 

have 

Ao = r 1 =x ny 0l (49) 



and 



3+ 1 r*, Xj+i H 



|A i+1 | = [J0 +1 ny |. 



(50) 



(51) 



Remark: Note from ([50]) that if A_i = • • • = A j = 1 
and A J+1 ^ 1, then X D Y = ■ • • = Xj n F = 1 and 
A J+1 ~ nYo- Since Xg_i << X%_ v we always have 
|A<_i| < |A,|. 



Corollary 13 Assume G is a shift group with shift struc- 
ture ({Xj},Yo,ip). The factor groups of the signature 
chain {Aj} are isomorphic to the factor groups of the 
cosignature chain {Xj(~\Yo} in 1-1 order, i.e., as in L5ty) . 
The signature chain {Aj} is a composition series of Xq if 
and only if the cosignature chain {Xj P\Yq} * s a composi- 
tion series ofYg. The signature chain {Aj} is a solvable 
series of Xq ( meaning factor groups are abelian ) if and 
only if the cosignature chain {XjHYg} is a solvable series 
ofY . 

Proof We prove the second statement: a normal series 
is a composition series if and only if its factor groups are 
either simple or trivial (cf. Problem 5.7 of [16]). • 

Loeliger and Mittelholzer give an example of a shift 
group in which Xq ~ Z2 x Z2 and Yq ~ Z4, with Ao = 
Xq n Yq = Z 2 (cf. Example 3.2 of [3]). Even though 
Xq and Yq are not isomorphic, it can be verified that the 
results in Corollary IT51 hold. 

We have the following easy corollary of Theorem [T2l 

Corollary 14 If G is a group with a shift structure 
({Xj}, Yq, <p), the factor groups Xj + \/Xj in the normal 
chain {Xj} are abelian if Xq is abelian. In this case then, 
{Xj} is a solvable series and G is solvable. 

We show the relevance of this corollary in the next 
section. 

We now generalize Theorem [11] and Corollary [Mj In 
the next theorem, we find a refinement of (|30p using 
Lemma 1101 As before, it is convenient to write the re- 
finement using slightly different notation than in Lemma 
[TOl Thus in place of ([TS"]) . we write the portion of the 
refinement between Xj + \ and Xj+2 as 



Proof Results (|I2 > (|33 ]1 follow from (3T]) of Theorem QT] 
using the definition of A j . 

Results (|45|) and ([46]) follow from the second isomor- 
phism theorem, and result ([47]) follows from {?]) of Lemma 
[7] But we know 



X* 



X*Yr 



3 







Yq 



Yq 



^ Xj+iYp 

xj x* n Yq Xj + i n Yq Xj + i 



giving ([48]) . 

We now show gS}. We have X { ^ 1+1) 



X*_t if e-i 



1, and X 



(i-i) 



X* 



i — ^-1 — X—i if £_i = 0. Also iq and 

i_i are related by i = i_i + e-\. Thus Xl\ — X*_ x if 

e_! = 1 or e-i = 0. But A = X { lf and X^ = X Q r\Y ; 
then (gHD follows. We have ^SDJ holds using (|44p and (|47[) . 
Now use induction with (I49[) and ([ST)]) to obtain (]5T[) . • 



<lj;7 13 <lj; ) 1 = Xj +2 , (52) 



where rj + i and k are positive integers. Using (I52p in 
Lemma [TO] we obtain the portion of the refinement be- 
tween Xj and Xj+i as 

Xj«Q?<- • -<Q]<X^ +l) <x { p +1+1) <x { p +1+2] <■ ■ ■ 



<xf~ 1) <X) K > =X j+1 , (53) 
X* . In this case, we use Lemma flOl for 



r{K) 



where X 

a nontrivial refinement in (|17|) : in fact we select 



A'„ :(/; :••• : Qj : A 



Ov+0 



have X 

Ej = 0. 



i>(rj+l) . In ([53] 



to be a composition chain of Xj <d X. 

"3 



X* if £j = 1, and X) 3+1 ' = X* = Xj if 
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In general for each j, — 1 < j < £ — 1, we define 
a refinement in which the superscript m of Xj runs 
from integer rj to integer k. For < j < £, we define 

d =l f X j d ^ X [ p ] - then - X t = X™ . We also 

dcf A fr— ) 

define X-i = X_ 1 . In this notation, the portion of 
the refinement between Xj and Xj + i is 



x J = x^ ] <x { p +1) <x { p +2) < 



<\X 



<xj K) =X i+1 . (54) 



Comparing (f5"5)) and (|54[) shows that we must have Xj = 
X[ ri) = X ( p +l] = X* if Si = 0. If £j = 1, there is an 
integer parameter Sj > such that x^ +S: >) — X^ J+1 ^ = 
XJ. This means rj + Sj = fj+i if Ej — 1. If Sj = 0, 

dcf 

so that r 3 = r 3 -+i, we set <5j = 0. If we use the above 
procedure and apply Lemma flUl recursively starting with 
the normal chain 



(r f _i+«£_i-l) 



a composition chain of Xi_\ < JQ, we obtain 



(55) 



for — I < j < £. Define 



def \ ^ c 

K = y, "i 



Then from (|55|) we see r_i = 0. If j = £, we define 



dcf 



rj = rg = K trivially. Thus as j runs from —I to £, rj 
takes values in the range [0, k]. 

Theorem 15 Let a group G have a shift structure 
{{Xj}, Yq, ip). There is a refinement of{Xj}, and of the 

normal chain {Xj lj+n } in 1130]) . given by 

x_ t = x^ l} <..-<Jtw = x = x { ra) < • • • 



< x\ K \ = Xj = x { p ] < xp +1) 

J 1 J J J 



<x 



OV+2) 



< 



< xf-v < xf = x j+1 = xf^ l] < 



<x 



t-i 



= X£' 1 =Xt = X< r '\ (56) 



where X 



X* if Ej = 1 . The normal chain A 56]) 



is a composition series ofG. Moreover 



X 



(rj+n+l) 



X 



(r-j+n) 



for —l<j<£ and n satisfying rj < rj + n < k. In 
addition, the isomorphism tp satisfies 



v(x^ +6j+n) 



Y Q /Y a )=X%r +n) /X< 



(57) 



for —l<j<£ and n satisfying rj + Sj < rj + Sj +n < k. 
We have 

<p(X^Y /Y ) = X%r } /X 

for —1 < j < £ and n = 0, . . . , Sj — 1. The term Xj ll+n 
in \30]) . n' = 0, ...,£' — ij, is the term _X"j rj+ ™' ) in the 
refinement $56$, where n = J2j<i<j+n' 

Proof The proof is similar to the proof of Theorem [TT1 
• 

Corollary 16 Let a group G have a shift structure 
({Xj}, Yq, ip). Then G is solvable if and only if Xq is 
solvable. 

Proof If G is solvable, then every subgroup is solvable, so 
Xq is solvable. For the converse result, note that we can 
construct a figure like Figure [21 Going backwards, first 
find a normal chain from Xi_\ to Xi for which factor 
groups are simple. By Lemma 1101 there is a chain from 
X* t _ 2 to Xi-i with the same factor groups. Now find 
a chain from X(-2 to X^_ 2 for which factor groups are 
simple. This gives a chain from Xn-i to Xi_\ with simple 
factor groups. Continue in this way to Xq. Then there is a 
chain from X*i 1 to Xq for which factor groups are simple. 
Now find a chain from X-\ to Xl x for which factor groups 
are simple. This gives a chain for Xq in which all factor 
groups are simple, i.e., this is a composition chain of Xq. 
But if Xq is solvable, then this composition chain must 
have primary cyclic factor groups. Going in reverse, this 
implies that factor groups of chain from Xj to Xj + \ are 
primary cyclic, for < j < I. This implies G is solvable. 
• 

Since G = X^{Yq has normal subgroup XqYq, we can 
regard G as like a wreath product with base group XqYq. 

We illustrate some of the results in this section in Fig- 
ure [3] The group G = Xe-iY is composed of cosets 
of XqYq, and also cosets of Xq and cosets of Yq. For 
j = 0, .. .1 — 1, the normal subgroup XjYq is composed 
of cosets of XqYq, and also cosets of X and Yq. In 
Figure 02 we draw G and XjY as a group of cosets 
of Yq, with Yq laid along the vertical axis. We have 
\XjY \ = \XjWYo\f\Xj n Y |. Thus in Figure El XjY has 
a 'height' of \Y a \ and a 'width' of \Xj\f\Xj n Y a \. Note 
that we have 



l^-| = l*o 



n 



\x. 



, a I* 

|A- P +1 



fc-1 



A,_i 



A 



Thus the signature chain or cosignature chain determines 
\Xj\ and |Xjlo|. Using Figure (3J it is easy to visualize 
many of the results in Theorems I§1 and [T21 The following 
is clear from the structure of G and Qq (see also [2j |3]). 

Proposition 17 A coset of Xq and a coset of Yq are 
disjoint unless they are in the the same coset of XqYq, in 
which case they have \Xq l~l Yq\ elements in common. 
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x* ny = x j+1 n y 

Xj n y 
x r\Y Q 



Y 



XqYq 



XjYo Xj+iiQ 



Xe^Yo = G 











A £-i 










A-i— i 






X* 












Xj+i 















A Aj Aj+i 

Figure 3: Diagram of shift group G with shift structure ({X,}, Yq, <p). 



3 Group codes 

Trott and Sarvis speculated there might be a connec- 
tion between a homogeneous trellis code, Latin square, 
and translation net [51 [S] • In this section, we show such a 
connection for a group code, the most important example 
of a homogeneous trellis code. 

Let G be any graph. We define a labeled graph {Q, C) 
as a graph Q and a mapping L : E —* A where A is an 
alphabet. Let B be a group, and let be a graph con- 
structed as in Section using £ = B and V = B / B + , 
where B + < We define a group code as a labeled graph 
(£/b,w) where w is a homomorphism w : £ — *• A and al- 
phabet ^4 is a group; this is essentially the definition used 
in [3J. We say the group code is ^-controllable if graph Q B 
is ^-controllable. In particular, here we consider a group 
G with a shift structure ({Xj},Yo,(p). Then graph Qq, 
formed using £ = G and V = G/Xq, is ^-controllable and 
group code (Qg,oj) is ^-controllable. We only consider 
the case \X C\Y Q \ — 1 where there are no multiple edges. 
If \Xq P\Yq\ > 1, the discussion below can be applied to 
quotient group G/X n Y . 

Since X r\Y = 1, and A <G, Y <iG, we have X Y ~ 
X Q x Y . From Definition 1, we know that \X \ = \Y \. 
Thus it is natural to think of XqYq as a square whose rows 
are {gX \g G X Y } and columns are {gY \g G XqYq}. 
The elements of row gXo are edges that split from state 
gX in G/Xq. The elements of column gY are edges 
that merge to state <p(gY ) in G/Xq. In G/XqYq, we can 
think of coset /iXolb as a square. The rows of the square 
are {gXo\g G IiXqYq}; elements in gXg split from state 
gX . The columns of the square are {gY \g G hX Y Q }; 
elements in gY merge to state <p(gY ). Proposition [T7l 
shows that a row and column do not intersect unless they 
are from the same square, in which case they intersect 
once. If we regard Qq as a trellis section, such squares 
are often called subtrellises [5]. 

Suppose we can form a group code in which all squares 
can be labeled so they are Latin squares. In this case, the 
edges that split from any state all have different labels, 
and the edges that merge to any state all have different 
labels. This type of labeling is useful in practical trellis 
codes [H |H1 [3 [5] • We call such a group code a Latin 
group code. Again it is to be understood that the term 



Latin group code means the Latin squares are formed 
using squares defined as above. Also it is understood the 
shift group G of a Latin group code has \X F\Yq\ = 1. 

In a Latin group code, since w is a homomorphism 
lu : G — ► A, we must have the assignment u> : XqYq <— * Aq, 
where A < A and \Aq\ = \X \. Given a coset gA of A , 
all squares in u)~ 1 (gA$) have the same labels, and we call 
this collection of Latin squares a Latin clique. Assume 
there are q Latin cliques in Q, called Co, . . . C q -\\ then 

\A\/\Aq\ = q. We define ^(A)) = G ; this gives Go < 
G. We assume that Go is the stabilizer of squares in Latin 
clique Go . Let a be the identity of A. Let G a be the kernel 
of lu, or G a = w _1 (a). Then G a <1 G, and to is essentially 
the natural map with kernel G a , or essentially u>' : G — > 
G/G a with G/G a ~ A. Without loss of generality, we 
can assume that label a is used in Latin clique Go- Then 
G a C Go- 

Let Do be the Latin square of square XoYq; assume 
□o G Go- We can think of do as a finite geometry F 
with three parallel classes of lines. The first class are 
the rows {gX \g G XqYq} of X n Y ; the second class are 
the columns {gYo\g G XoYq} of XqYq. The third parallel 
class consists of lines formed by entries in D with the 
same label. For example, line Z a consists of all entries 
in D Q with label a. Without loss of generality, we can 
assume that line l a includes the identity entry, i.e., the 
label of 1 is a. Note that lines from the same class do not 
intersect, and using Proposition 1171 lines from different 
classes intersect exactly once. Thus Do is a (t, s) net for 
s = 3, where t = \Xq\. 

We define an action of G on itself by the product gG 
for each g G G. In this sense, XqYq acts transitively, 
in fact regularly, on the entries in square XqYq. In fact, 
because there is a homomorphism to : G — > A, XqYq must 
also be a translation group of Latin square Do, and so D 
must be a translation (t, 3) net. 

From the theory of Latin squares [18] , a finite geometry 
F that is a (t, 3) net is a translation (t, 3) net if and 
only if F has a translation group Q which has a partial 
congruence partition (PCP): three subgroups W±, W2, W3 
such that Wi n Wj = 1 and WiWj = Q for 1 < i, j < 3, 
i 7^ j. In this case, Wi acts regularly on lines in the i th 
parallel class of the (t, 3) net, 1 < i < 3. In general F 
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may have more than one translation group, and a given 
translation group Q may have more than one PCP |21j . 

We already know that Do has translation group XqYq. 
But any PCP in X Y must have W\ = X and W 2 = Yq 
because the only subgroup of G which acts regularly on 
a row of do is Xq, and the only subgroup which acts 
regularly on a column of O is Yq. Thus O can be a 
translation (t, 3) net if and only if there is some subgroup 
W 3 C X Y which forms a PCP with W x = X and W 2 = 
Yq. But W3 must necessarily be the stabilizer of line l a , or 

G a nX F = K a . Thus D is a translation (t, 3) net if and 
only if X a nK a = Y r\K a = 1 and X K a = Y K a = XqYq. 

We now digress briefly to discuss the work of Sprague 
[21] . Mann [19], and Bailey and Jungnickel [22] (see also 

mi 

Theorem 18 (Sprague) Let W = {W 1 ,...W S } be a 

(t, s) PCP in Q. Then the following assertions hold: 

(1) IfW\ is a normal subgroup of Q, then W 2 — ■ ■ ■ — 
W s . 

(2) IfWi and W% are normal subgroups of Q, then one 
has Q ~ Wx x W 2 andW 1 ~W 2 ~---~W s . 

(3) I/W has 3 normal components, then Q is abelian. 

Given a group H and an automorphism 9 of H, 
we can construct a Latin square based on H. The 
point set is H X H; the rows are {(h,l)\h 6 H}; the 
columns are {(l,h)\h £ H}; and the letters are the sets 
{(hi, h 2 )\hi(9(h 2 )) = k} for elements k of H. We call 
this the Latin square based on H constructed by the au- 
tomorphism method of Mann |19] . Define a set E of au- 
tomorphisms of H to be fixed point free if 9a~ 1 is fixed 
point free for every distinct pair of elements 9, a of E. 

Theorem 19 (Bailey and Jungnickel) Let H be a 

group of order t, and let £ be a fixed point free set of 
s' automorphisms of H. Put Q = H x H . For 9 in 
E, put W e = {(h,6(h))\h £ H}, and put W Q = 1 x H 
and W ao =Hxl. Then {T^ , ^00} U {Wg\d G E} is a 
(t, s' + 2) PCP for Q with normal components Wq and 
Woo. Conversely, every (t,s' + 2) PCP with two normal 
components may be represented in this way. 

This theorem shows that a fixed point free set of s' 
automorphisms of H gives rise to a set of s' mutually or- 
thogonal Latin squares based on H . When H is elemen- 
tary abelian, this method gives complete sets of mutually 
orthogonal Latin squares based on H, that is, s' = t — 1 

m 

We now use these results in our discussion. We know 
something more about the translation group of XoYq. We 
have X < X Y and Y <iX Y . Then from Theorem [18] 
we must have JTo — ^0 — In fact from Theorem [19] 
K a can be explicitly determined as 

K & = {x(» o 6(x))\x e X , o 6 : X a -» Y }, (58) 

where 9 is an automorphism of Xq and fj, is an isomor- 
phism from Xq to Yq, Xq ~ Yq. Thus each distinct com- 
position fi o 9 : Xq — » Yq gives a different K a . Thus Oq 



can be a translation (£, 3) net if and only if there is an 
isomorphism Xq ~ Yq. 

Further, since K a = G a n X0T0, then K a < G and 
Jf a < XoYo. Then we know from Theorem [181 that Xo^o 
must be abelian, and since XqYq ~ Xo x lo, both Xq and 
lo must be abelian. Note that the possible isomorphisms 
Xq ~ y"o are well known when Xq is abelian 16J. 

Theorem 20 T/ie s/ii/S group G of an £- controllable 

Latin group code (Qq,w) has Xq C\Yq = 1. Xq ~ Yq, 
and Xq,Yq abelian. 

Corollary 21 The shift group G of an (.-controllable 

Latin group code (Qg,oj) is a solvable group and {Xj} 
is a solvable series. 

Proof Use Corollary [HI • 

Theorem 22 The Latin squares O which can appear 
in an £- controllable Latin group code (Qq,u>) are ex- 
actly those based on Xq constructed by the automorphism 
method of Mann, where Xq is abelian. 

Proof The construction in ([55]) gives Latin squares con- 
structed by the automorphism method of Mann [22] . • 

The Sarvis conjecture is that each fully connected sub- 
trellis of a homogeneous Latin trellis corresponds to a 
principal isotope of a group Latin square [9] ; this is equiv- 
alent to the conjecture that O is the principal isotope of 
a group Latin square [8] . Theorem [22] shows the Sarvis 
conjecture is true for ^-controllable Latin group codes be- 
cause every Latin square O constructed by the automor- 
phism method is isotopic to a group table (it is a rear- 
rangement of the columns of a group table). Using the 
above approach, we can show the Sarvis conjecture is true 
for an ^-controllable homogeneous Latin trellis as well. 

For a group code used to convey binary information, 
a bit-oriented group code, \Xq\ must be some power of 2 
because the input information stream is binary. 

Theorem 23 In an (-controllable bit-oriented Latin 
group code, Xq is an abelian p-group and G is a p-group, 
p = 2. 

Proof From Theorem [T21 we have 

I Ail' 

But |-Xo| is a power of 2 and so any subgroup Aj of Xq 
must have order a power of 2. Thus |JCo|/|A 3 -| is a power 
of 2, and so 

|G| = l*oin%r 

3=1 1 • ?l 

must be a power of 2. • 
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Trott and Sarvis have observed that Do of all published 
homogeneous trellis codes is the group table of Z 2 x Z 2 x 
• • • x Z 2 [8] . The theorem above indicates that practical 
(bit-oriented) Latin group codes might be constructed for 
which this is not true, but that indeed O is based on an 
abelian 2-group. 

We say shift group G is a Latin shift group if it has a 
shift structure ({Xj}, Yo, ip) with Xq PI Yq = 1, Xq ~ Yo, 
and Xq, Yq abelian. 

The previous results show some similarities of the 
mathematical structure of a Latin square and Latin shift 
group. We now show a more direct analogy. Recall that 
we have shown the following relations for Latin square 
□o- 

Proposition 24 The (t, 3) net O has translation group 
Kq = XqYq which is a (t, 3) PCP with the following prop- 
erties: 

(1) Xq, Yq, and K a are disjoint. 

(2) Kq = XqYq = X K a = YqK & . 

(3) X <K , Yq<Kq, K a <\KQ. 

(4) Kq~XqX Yq, Kq~XqX K„ Kq~YqX K & . 

(5) Xq~Yq~ K*. 

We now show that similar properties hold for Latin 
clique Cq. A partial net is a generalization of a net in 
which lines from different classes need not intersect |23) . 
Latin clique Cq is a partial net with three parallel classes 
of lines. The first (second) parallel class of lines are the 
rows (columns) of Latin squares that comprise Cq. Thus 
lines in the first parallel class are the rows {gX n \g G Go}, 
and lines in the second parallel class are the columns 
{gYo\g £ Go}- Note that a row and column do not in- 
tersect unless they are from the same square, in which 
case they intersect once. The third parallel class con- 
sists of lines formed by entries in all squares having the 
same label. For example, line L a consists of all entries 
with label a; of course l a C L & . Note that a line in the 
third parallel class intersects each row and each column 
exactly once. Since G a is the stabilizer of L a , this means 
G a n Xq — G a n Yq = 1. Note that each row and column 
has \Xq\ = \Yq\ points, and each line in the third parallel 
class has |Go|/|^o| points. Then |Go| = |G a ||X |, giving 
Go — Xq x G a . This gives the following result. 

Proposition 25 The partial net Cq has translation 
group Gq with the following properties: 

(1) Xq, Yq, and G a are disjoint. 

(2) Gq = XqGz = YoG a . 

(3) Xq<\Gq, Yq<\Gq, G a < Go . 

(4) Gq-XqxG,, G ~F xG a . 
Note we also have Gq/{XqYq) ~ G a /i4T a . 

Comparing Proposition l24l and Proposition [25] we see 
that (l)-(4) of Proposition [55] correspond to (l)-(4) of 
Proposition [2U Thus we see the mathematical structure 
of Latin clique Go is analogous to the mathematical struc- 
ture of Latin square D . Also note that from (4) of Propo- 
sition [25j we can obtain Gq/X ~ G a and Gq/Y ~ G a , 



or just Gq/Xq ~ Gq/Yq, which is the isomorphism con- 
structed by Sarvis and Trott in their algorithm |10j . 

The shift group G is itself the translation group of a 
partial net with three parallel classes of lines. The first 
(second) parallel class of lines are the rows (columns) of 
Latin squares that comprise Qq. Thus lines in the first 
parallel class are the rows {gXo\g G G}, and lines in 
the second parallel class are the columns {51015 G G}. 
The third parallel class consists of lines in each square 
formed by entries having the same label; line / a is an 
example. Note that lines in different classes intersect ex- 
actly once if they are from the same square, and otherwise 
do not intersect. This means that any collection of lines 
in the third parallel class, with exactly one line from each 
square, forms a right transveral of G/Xq and G/Yq. 

Theorem 26 In a Latin shift group G, there is a set G v 
of G which is a right transveral of G/ Xq and G/Yq, where 
G v D G a z> 

Proposition 27 The graph Qq of an £- controllable Latin 
group code (Qq,u) has translation group G with the fol- 
lowing properties: 

(1) Xq, Yq, and G v are disjoint. 

(2) G = XqG v = YoGt,. 

(3) Xq <G,Yq< G, K a c G a c G v c G. 

(4) G v is a right transversal of G/Xq and G/Yq. 
Note we also have K a <l G and G a < G. 

We see that (l)-(4) of Proposition [27] correspond to 
(l)-(4) of Proposition [25] Taken together, Propositions 
[24] [25] and [27] show that the Latin group code has a 
mathematical structure similar to the Latin square. In 
this sense, we can say that the Latin group code is a 
natural generalization of a Latin square to a sequence 
space. 

As previously mentioned, when Xq is elementary 
abelian, a complete set of |A | — 1 mutually orthogonal 
Latin squares based on Xq can be constructed. In this 
case then, we can construct a mutually orthogonal Latin 
group code in which Latin square O is replaced by | Xq \ — 1 
mutually orthogonal Latin squares, a translation plane. 

4 The subdirect product group 
and state group 

In this section, we assume group G has a shift structure 
({Xj}, Yq, ip). Then G has a normal chain {Xj} with 
X( = G and each Xj < G, a normal subgroup Yq, and an 
isomorphism tp from G/Yq onto G/Xq such that 



p(X j Yq/Yq)=X j+1 /X q 
for — 1 < j < £. Define 



(59) 



and 



G x = G/Yq 



G y d = G/Xq. 
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Defined in this manner, Gx increments along the hor- 
izontal axis in Figure 02 and Gy increments along the 
vertical axis. Groups Gx and Gy are called state groups 
of shift group G. Define 

j dof XjYq 

for — 1 < j < £, and 

r<3 d — Y I Y 

for < j < i. We see that G x x = Y a /Y a = 1, G Y = 
Xo/Xo = 1, G l x l = G x = G x , and G Y = Gy. Note 
that G X <\G X for -1 < j < £, and G Y <\Gy for < j < L 
With these definitions, we can rewrite (l59|) as 

^{G x ) = G y +1 (60) 

for — 1 < j < £; we can rewrite the isomorphism if : 
G/Y -> G/X as <p : G x -> Gy or <^(G X ) = Gy. 

We can think of graph (Jc as essentially a bipartite 
graph ^ with input states Gy and output states Gx ■ An 
element g £ X& splits from input state gXo and merges 
to output state gY$. In addition, there is an isomorphism 
<f : Gx — > Gy from output states to input states. In 
graph all the output states are connected to input 
states via the isomorphism ip(Gx) — Gy. 

In the same manner, we can associate a bipartite graph 
Qj with Xj, for < j < I. An element g £ X, splits 
from input state gXo and merges to output state gYo. 
Then it is clear that the input states of Qj are cosets in 
G Y = Xj/Xo and the output states are cosets in G x = 
XjY /Y . There are |Xq| edges which split from each 
input state, and \Xj n Yq\ edges which merge to each 
output state. Since \Xj n Y < \X \ for j < £, there are 
more output states than input states. Some of the output 
states are connected to input states via the isomorphism 
(p(G x ~ 1 ) — G Y , but some of the output states are not 
connected to input states. In this sense the graph Q J is 
not "controllable" for < j < I. The graph Q^\ is the 
trivial bipartite graph with one edge from input state Xq 
to output state Yo. 

The input states of Qj+i are G^ 1 , and the output 
states are G^ x 1 . Then it is clear by construction that Qj is 
a subgraph of Gj+i, for — 1 < j < £ (the input states of Qi 
are G Y = Gy and the output states are G l x = Gx)- Thus 
we have exhibited a sequence of graphs Qj that converges 
to Qi, where Qj is a subgraph of Qj+i and Qi is essentially 
Qg- This observation forms the basis of the algorithm in 
Section [5] 

Note that Xj DYq plays the same role in Xj as Fo plays 
in G. By the second isomorphism theorem, we have 

XjYo ^ Xj 
Y ~ X 3 n Y 

and there is a 1-1 correspondence between cosets of Yo in 
XjYo/Y) and cosets of Xj n Yo in Xj/Xj n Yo (this iso- 
morphism and correspondence can be clearly seen using 



Figure [3]). Thus we have 

Xj{Xj n Y ) _ Xj XjYp _ j 

XjHYo XjHYo Y x ' V ' 

Using (|6T|l and G Y = Xj/Xo, we can define a graph 
isomorphic to Qj which only uses elements in Xj. 

We further restrict the shift groups G that we consider 
to those with X D Y = 1. We say such a shift group 
is reduced. The following proposition shows that there is 
essentially no loss in generality in doing so. 

Proposition 28 Any shift group G with |Xo(~lYo| > 1 is 
an extension of Xo H Yo by a shift group G, where G has 
Xo^% = 1. 

Each element g € G is in one and only one coset of Yb 
and one and only one coset of Xo ■ Let 7 : G — > Gx x Gy 
represent this correspondence using the assignment g 1— > 
{g x ,gy)\ note that 7 is well defined. The map 7 is a 
homomorphism from G into Gx x Gy: if 7(g) = (g x ,gy) 
and 7(5') = (g x ,g' y ), then gg' must be in coset (fef/i of 
Yb and coset of X , or 7(35') = (g x g' x , g v g' y )- Let 
G = 7(G). Then G is a subgroup of Gx x Gy. Since 
|Ao n Yo I = 1, from Proposition [17] a coset of Xo and a 
coset of Yo intersect in at most one element of G. Thus 
the map 7 : G — > G is a bijection, and in fact 7 is an 
isomorphism. Let G ~ G denote the isomorphism given 
by the correspondence 7. 

Let 73; : G — > Gx be the projection of 7 onto its first 
coordinate, i.e., j x : g ^ g x . Similarly, let 7^ : G — > Gy 
be the projection of 7 onto its second coordinate, i.e., 
7 a '■ g g y . We know that G is a subgroup of the direct 
product Gx x Gy. Moreover, since 7^ : G — > Gx is 
onto, and 7^ : G — > Gy is onto, we have that G is a 
subdirect product of Gx and Gy. (As in [TS], we say H 
is a subdirect product of JTy and £Ty if it is a subgroup of 
Hx x Hy and the first and second coordinate of H take 
all values in Hx and Hy, respectively; we also say H is 
a subdirect product of Hx x Hy.) 

Define C G by X,- d = 7(Xj), for -1 < j < £. 
Consider the subgroup of G for < j < £. We now 
determine the image j x (Xj). But ~f x (Xj) must be the 
cosets of Yo in Gx — G/Yq that intersect Xj; these must 
be the elements in subgroup XjYo/Yo- Thus we must 
have r y x (Xj) = XjYo/Yo and j x (Xj) is onto XjYo/Yo- 
The image -f y (Xj) is just the cosets of X in Gy = G/X n 
that intersect Xj. Thus j y (Xj) — Xj/X a and r ) y {Xj) 
is onto Xj/Xo. Thus we have shown Xj is a subdirect 
product of XjYo/Yo and Xj/Xo- 

It is easy to see that X_i is a subdirect product of 
Yo/Yq and X /X , and in fact X_i = 1x1. 

Proposition 29 G is a subdirect product of Gx x Gy . 
Xj is a subdirect product of G x x G y , /or < j < £. X_i 
is a subdirect product of G^ 1 x G F , and X_i = 1x1. 
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As with Xj, we can associate a graph Qj with Xj. In 
Qj, if g = (g XJ g y ) € Xj, then g is an edge from input state 
g y to output state g x . Since Xj is a subdirect product of 
G x x G Y , the input states of Qj are and the output 
states are G 3 X . Let g = 7(3). In graph Qj, g is an edge 
from input state gXo to output state gY^. But we must 
have j v (g) = gX = g y and j x (g) = gY = g x . Thus 
g is an edge in Qj with input state g y and output state 
g x if and only if g = 7 _1 (g) is an edge in Qj with input 
state cfy and output state g x . Thus Qj is isomorphic to 
C?j . For Qj , there is an isomorphism tp : G x 1 — > Gy from 
some of the output states to input states, the same as for 
Qj. As for Xj, it can be shown that Qj is a subgraph of 
Qj+i- Thus we have found a sequence of graphs Qj that 
converges to Qt where Qj is a subgraph of Qj+i and & is 
essentially Qq- 

We now examine the image of Xq under 7. We know 
X = 7 (A ). We have lx {X ) = X Y /Y ~ A (since 
XqIo has A < X y , io < X Y Q , and X n Y = 1, define 
the homomorphism k : iy n 1; then the kernel is Yq 
and the first isomorphism theorem gives the result) and 

ly (X ) = X /X = 1. Define X'q d = X Y /Y . Then A 
is a subdirect product of Xq x 1. But in this case we have 
X = X xl. 

dcf 

Now examine the image of Yq under 7. Define Yq = 
7(Y ). We have 7;r (Y ) = y /y = 1 and 7y (y ) = 

X a Yo/X ~ Yo- Define y o " d = X y /Ao. Then y is a 
subdirect product of 1 x Yq, and in this case Yo = 1 x y Q ". 
These results give 



7 (x y ) = A y 

= (X x 1)(1 x y») 



= x'q x y ". 



(62) 
(63) 
(64) 



Note that we will use a prime for subgroups of the Gx 
coordinate and a double prime for subgroups of the Gy 
coordinate. 

Theorem 30 G is a subdirect product of Gx x Gy ■ G 
contains a normal subgroup XqYq = Xq x Yq' such that 



x'q x y " 



Xq X Yq, 



where X = X'q x 1 and Y = 1 x Y " . Then G x = G/Yq 
contains a group X'q ~ Xq and X'q <\ Gx ■ Further Gy — 
G/Xq contains a group Y " ~ Yq and Y " < Gy. Xq are 
all the elements of G with second coordinate equal 1 . Yq 
are all the elements of G with first coordinate equal 1 . 

Proof Since Gy — G/Xq, the only elements of G for 
which Gy — 1 are subgroup Xq. Thus the only elements 
of G with second coordinate 1 are Xq. Similarly, since 
Gx = G/Yq, the only elements of G for which Gx = 1 
are Yq. • 

Theorem 31 G is a subdirect product of groups Gx and 
Gy if and only if there is an isomorphism 

Gx _ T ^ . Gy 



such that (g x ,g y ), where g x G Gx and g y € Gy, is an 
element of G if and only if g x and g y have the same image 
k G K in the homomorphisms Gx — » K , Gy — » K . 

Proof The only elements of G that have the identity 1 
in the second coordinate are Xq = X'q x 1. The only ele- 
ments of G that have the identity 1 in the first coordinate 
are Yq = 1 x Yq'. Then the theorem is just an application 
of the subdirect product theorem in Hall's text [15]. • 

In general, when the condition in Theorem [31] holds, 
we say G is a subdirect product of Gx x Gy implied by 
the isomorphism (|65|) . 

Fix j, < j < £. Define A 3 = Xj nY . We now 

examine the image of Aj under 7. Define Aj = j(Aj). 
The image "ix{Xj PiYq) is the cosets of Yq in Gx = G/Yq 
that intersect Xj n Yq. Then j x (Xj n Yq) = Yq/Yq = 1. 
And 7y(Aj CiYq) is the cosets of X in Gy = G/Xq that 
intersect Xj n Yo . Then 

Xj „ ^o^o 



7v (A 3 -ny ) = T in 



Define 



yj 



a// d|f n ^0^0 
j Xq Yq ■ 



A" 

J 



Aj, A'j 



Thus Aj is a subdirect product of 1 x A", and so in fact 
Aj = 1 x A'!. Note that A^' = Gy n y o " and < Gy. 
Also Ag = Xq/Xq = 1 and Aj < G. 

Theorem 32 Fix j, < j < £. Xj is a subdirect product 
of G J X x Gy. Xj contains a normal subgroup X Aj = 
X'q x A" such that 

X'q x Aj ~ Xq x A J; 

where Xq = X' Q x 1 and A j = 1 X A". T/ien G^ = 
XjYo/Yo contains a group Xq ~ Xq and Xq < Gx- 
Further G Y = Xj/Xg contains a group A" such that 
G Y n y ", and A'j < Gy. A are a// 
t/ie elements of Xj with second coordinate equal 1 . Aj 
are a/Z £/ie elements of Xj with first coordinate equal 1 . 

Proof Since j x (Xj) is the cosets of Yq in Gx = G/Yq 
that intersect Aj, the only elements g of Xj for which 
7s (0) = Yq/Yq = 1 arc g G Xj n y . Thus the only 
elements of Aj that have the identity 1 in the first coor- 
dinate are 7 (Aj PI Yq) = Aj. • 

We can now give a necessary and sufficient condition 
that guarantees Aj is a subdirect product of groups G x 
and G Y . 

Theorem 33 For < j < £, Xj is a subdirect product of 
groups G x and Gy if and only if there is an isomorphism 



X'q 



K 



Y" 



(65) 



zJL ~ K ~ —X- 

x'q- ~ A'; 



(66) 
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such that (g x ,g v ), where g x G G J X and g y € G Y , is an 
element of Xj if and only if g x and g y have the same 
image k £ K in the homomorphisms G^ 



x 



K, G{ 



K. 



Proof The only elements of Xj that have the identity 
1 in the second coordinate are Xo — Xq x 1. The only 
elements of Xj that have the identity 1 in the first co- 
ordinate are Aj = 1 X A". Then the theorem is just an 
application of the subdirect product theorem in Hall's 
text [HJ. • 



From Lemma we have X 



, x,(x J+1 n y ) 

dcf 



XjA j+ i, for -1 < j < t Define X* = l{X*). Then 

7 

under the isomorphism G ~ G, 



XJ - XjA j+ i 



Xj(l x A"). 



(67) 



Define G ] * d = G 3 Y A'j +1 . Since G Y < G J y +1 and A^ +1 < 
G 3 Y , then Gy* is a subgroup of G^ 1 " 1 and 

G 3 Y <G 3 y *<G J y +1 . 

Then Xj is a subdirect product of G x x Gy . 
For j = £ — 1 we know 

= A'^-iYo = A^. 
Then under the isomorphism G ~ G, 
Iti = ln(lxAi') 

= x r "). 



Since X|_ x = Xi, and X^ is a subdirect product of G)^ x 

e 

Y- 



G Y , this means 



Gl-\ s~l£ s~l 
X — v ' \ — l t 



and 



Lxy Iq — Lry 



= Gy = Gy. 



The isomorphism 7 : G ~ G induces isomorphisms 

Gx = G/y - G/Y , 
G Y = G/X ~ G/X , (69) 



Gjf — Xj-Yo/^o — A"jF /F 



G< 



Xj / Xq — Xj /Xq ■ 



(70) 
(71) 



Proposition 34 If a group G has a shift structure 
({Xj}, Yq, ip) and \Xq (~1 Yq\ = I, then under the iso- 

morphism G ~ G, i/ie group G is a subdirect product 
°f Gx and Gy ■ Further group G has a shift structure 
({Xj},Y o ,0), where we have Xj = j(Xj), Yq = j(Y ), 
and the isomorphism ip : G/Yq — > G/Xq is just the iso- 
morphism ip : G/Yq — > G/Xq. 



Proof By the preceding results, we have shown there is 
an isomorphism G ~ G, where G is a subdirect prod- 
uct of Gx and Gy- From the correspondence theorem, 
under the isomorphism 7, the normal chain {Xj} gives 
a normal chain {Xj} with Xg — G and each Xj < G, 
and the normal subgroup Yq gives a normal subgroup Fo- 
under the isomorphism 7, the isomorphism ip : G/Yq — * 
G/Xq induces an isomorphism tp : G/Yq — > G/Xq and 
^(XjYo/^o) = X j+1 /X . 

We can summarize some of the results in this section 
as follows. 

Theorem 35 Lei G be a group with a shift structure 
({Xj},Y ,<p) and \XqC\Yq\ = 1. De/^ne G x = f XjY /Y 
ana G Y =' Xj/X . T/iere is a normal chain 



1 = G^- 1 <l X = G° x < G x < • • • < G j x < • ■ 



<G 



where each G x <3Gx, < j < There are normal chains 



1 = Gy < Gy <Gy <\ Gy < ■ ■ ■ < Gy < G J y < 



• ■ • < G £ y 1 < G^ 1 * 



and 



1 = A ' < A" < • • • < A'' < • • • < A" = F ", 



where each G Y < Gy, Gy < Gy, and eac/i A" < Gy and 
y " < Gy, swc/i tftoi G y n F " = A;' and G J y = GyA" +1 . 
There is an isomorphism ip : Gx — * Gy smc/i i/iai <p : 
G x ^ G i +1 for-l<j< L 

Under the isomorphism G ~ G, ifte group G is a sub- 
direct product of Gx and Gy. Further group G has a 
shift structure ({Xj}, Yq, ip), where we have Xj = j(Xj), 
Yq = 7(^0), and isomorphism ip is closely related to p. 
We have X-i = 1 x 1, X = X' x 1, and Y = 1 x F ". 
for < j < ^, Xq x 1 are the only elements of Xj with 
1 in the second coordinate, and 1 x A" are the only el- 
ements of Xj with 1 in the first coordinate. Lastly, for 
< j < I, Xj is a subdirect product of G x and G Y , and 
there is an isomorphism 



&x 

X'q 



K 



Gy 

Af 



(72) 



such that (g x ,gy) € Xj if and only if g x and g y have the 
same image k £ K in the homomorphisms G J X —* K, 
G Y -» K. 

Since G has a shift structure ({X^}, Yq, tp), we know 
that Xj C Xj + \. Under the isomorphism G ~ G, we have 
Xj C Xj + i for the subdirect product group G. We now 
give a necessary and sufficient condition for Xj C Xy+i 
to hold. 
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Lemma 36 Fix arbitrary integer j, j > 0. Assume there 
are three (trivial) normal chains 



Proof Since Hy and T" +1 are normal subgroups of 



H 3 u <H> v + \ 
H v <W v + \ 

v" <i r" 



(73) 
(74) 
(75) 



where < H 3 / 1 , T't < H v , T'j +1 < H 3 V +1 , and H v n 
r j+i = T ']- Since H v < H v +1 and r j+i < H v +1 > there is 



a subgroup Hy 



H V T" +1 of H v +1 such that 



H v <H v *<lH v +1 . 



Assume the three normal chains J73| )-( f75[ ) are related 
such that there are isomorphisms 



H 3 H 3 
a . flu. _> ILK 
Pi ■ tti y" 

u o j 



and 



P. 



H, 



3+1 



3 + 1 



V" 

i 3"+l 



Lei C/j be the subdirect product of Hfj x H 3 V implied by the 
isomorphism (3j, and let Uj+i be the subdirect product of 
H 3 ^ 1 x H 3 ^ 1 implied by the isomorphism (3j+i. Let rfj 
be the isomorphism 

v '! : h 3 v /v; -> Hp/T'! +1 

with assignment h v T" i— > h v T'j +1 for h v G Hy, given by 
(0) of Lemma\^ using H V T" +1 — Hy in the hypothesis. 
Then the composition rfj o (3j is an isomorphism (3* , 

0* : Hl/U' Q - Hp/T'! +1 

(see Figure^. We have Uj C Uj+i if and only if the 
restriction of the isomorphism (3j+i to H^/Uq is isomor- 
phism (3* . In this case there is a group U* such that 
Uj C UJ C Uj+i where U* is a subdirect product of 
H 3 jj x Hy implied by the isomorphism (3*. 



H u/ u o 



Pi 



H v /T'> 




H 3 * IT" 
n v /! j+1 

Figure 4: Commutative diagram. 



H 3 / , we have H 3 V — H v T" +l is a normal subgroup of 

H 3+1 
v ■ 

Refer to Figure [4] Fix cUq G H^/Uq, where c G H 3 V . 
Let the isomorphism (3j make the assignment 

ft- : cU' a » dv;, 

where d G Hy. The isomorphism r)'j : H v /T" — > 
Hy /F" +1 gives the assignment 

dT'>~dT>> +l . 

Then the isomorphism (3* makes the assignment 

P*:cU^dT>! +1 . (76) 

First assume Uj C Uj+i- We show the restriction of 
f3j + i to Hfj/U^ is (3*. Since (3j makes the assignment 
f3j : cUq h- > <£T", the elements cC/q x cfl?" are in Uj. Since 
C/j C U ]+ i, then cE/q x dr" C U j+1 . But since T" C 
C by assumption, then cUq x <2T" +1 C Uj +1 . 

Then the isomorphism f3j+i makes the assignment 



pj+i-.cU^dT" 



(77) 



Comparing ([76]) and (I77|) shows that the restriction of 
(3 j+l to is /3|. 

Now assume the restriction of f3j+i to H^/Uq is (3*. 
We show Uj C t/ i+ i- Let cU{> x dT? C U r Then ^ 
makes the assignment j3j : cC/q i— > <£T", and /3* makes the 
assignment 

/3* : cC/q >-> ^r" +1 . 

Since the restriction of to H 3 V fU'^ is /?*, we have 

/3j+i makes the assignment 

f3 j+1 :cU^cT'j +1 . 

Then c[/^xdr^ +1 c £7,-+i. Since cC/^ x dr^' c c£/£xdTy +1 , 
this means E/j- cDj+j. • 

Remark: Note that if = T", Figure [4] becomes 

trivial, i.e., Hy* = H 3 V and (3* = j3j. 

From Theorem (35J the conditions in Lemma [35] apply 
to G, and thus G has the properties given in Lemma [BUI 
This completes the analysis of G. We now give a synthesis 
result, a construction of a subdirect product group which 
is a shift group. We reuse the notation in Lemma l36"l this 
should not be confusing. 

Theorem 37 Assume there is a group Hjj with a normal 
chain 



1 = H v 1 <U' Q = E%<H}j<--'<H 3 v <--' 



<H* / - 1 =Hf / = H u , (78) 
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where each Hfj <\ Hjj. Assume there are groups Hy and 
Vq and normal chains 

1 = Hy < Hy* < Hy <\ Hy < ■ • • < Hy <i Hy* < 

• • • < if^" 1 < Hy- 1 * = H' V = Hy, (79) 
i = r ' < r£' < • • • < T'! < ■ ■ ■ < T'l = V ", (80) 

where each H v <\ Hy , and each T" < Hy and Vq' < Hp, 
sucft toaf iff n V" " = T" and Hy* = H V T" +1 . Assume 
there is an isomorphism <f>j : Hfj — » ify + /or —l<j<£, 
such that for < j < £, the restriction of <ftj to Hf/~ 
the three normal chains {Hfj}, {H v }, 



cmd {r"} are related such that for < j < £ there 
isomorphism (3j+i, 



ff; 



3+1 



r" 

1 3+1 



(81) 



whose restriction to H^/Uq is the isomorphism [3* = rfjo 
j3j shown in Figure^ where 

py.H'yu^Hy*/^ 

and r/'j is the isomorphism 

rfj : Hy/T] -> Hy*/T] +1 

given by (0) of Lemma using Hy = H v Tj +1 in the 
hypothesis. Define isomorphism (3q, 

H° H° 

l J ■ TTl -p// ' 

u 1 

the trivial isomorphism /3q : 1 — ► 1. For < j < I, 
let Uj+i be the subdirect product of H^ 1 x H J V +1 implied 
by the isomorphism \81\) . In other words, Uq x 1 are 
all the elements in Uj+\ with 1 in the second coordinate, 
and 1 x r" +1 are all the elements in Uj+i with 1 in the 
first coordinate, and \81\) holds. Let Uq be the subdirect 
product of Hij x H v implied by the isomorphism (3q, i.e., 

Uq = Uq x 1. Define U-± = f 1 x 1; define ff d = Ue- Then 
H is a group with a shift structure ({Uj}, Vq, 4>), where 

Vq = 1 x Vq' and <f> : H /Vq — > H /Uq is an isomorphism 
closely related to 4>(-i- (The precise connection is shown 
in the proof below.) 

Proof We need to show that if is a group with a shift 
structure ({U j} ,Vq , <$) . First we show that Uj < if for 
— 1 < j < I. By assumption we know that Hfj <\ Hjj and 
H v < Hy for < j < i. Now suppose (h u ,h v ) G ff. 
Since Uj is a subdirect product of H\j x Hy, we have 

{K^Wih^K)- 1 C U j . 

Thus Uj < if for < j < £. Clearly U-i<H. 

Applying Lemma 1561 shows that Uj C Uj+i for < j < 
£. Clearly U- X C Uq. 



Since Vq = 1 X Vq' are all the elements with 1 in the 
first coordinate, we must have Vq <3 H . 

We now show that there is an isomorphism r : H /Vq — > 
if;/ such that the restriction of r to UjVq/Vq is 

r(L>,Vb/Vb) = ff£ 

for — 1 < i < We know that if is a subdirect product 
of Hu x ify. But 1 x Vq" are all the elements in if with 
identity 1 in the first coordinate. This shows there is an 
isomorphism 



1 X Vq" 



Vq 



Let r : ff/Vo — > ffj/ be the corresponding isomorphism. 
A subgroup if of H /Vq is just a collection of cosets of Vb, 

if = {sVb|sVb eif}. 

Each coset sVq is of the form h u x h v V " for some h u G ifj/, 
h v G ffy. Thus r(ff) is just the projection of if onto the 
first coordinate h u of each coset sVq € if. 

Now fix j, < j < £. We know that Uj is a subdirect 
product of H 3 V x H v . Then by construction of if we 
know that UjVo must be a subdirect product of ff^ and of 
some group H v isomorphic to U^Vq/Uq such that H v D 
H v . Thus we must have r^-Vb/Vb) = H 3 V . Clearly 
r(tT_i7o/7o) = H-\ 

We now show that there is an isomorphism £ : H /Uq — > 
ify such that the restriction of £ to Uj/Uo is 

£(^/C/ ) = /4 

for < j < I. We know that ff is a subdirect product 
of ify x Hy. But Uq X 1 are all the elements in Uj 
with 1 in the second coordinate. This shows there is an 
isomorphism 

if ff 
H v — — : — • 

Let £ : H /Uq —> Hy be the corresponding isomorphism. 
As for r, for if a collection of cosets {s£/o|si7o G if} 
of t/o, £(ff) is just the projection of if onto the second 
coordinate h v of each coset sUq = h u U'Q x h v G ff. For 
< J < £, we know that Uj is a subdirect product of 
Hi; x ff^. Thus we must have £(Uj/U ) = H j v for < 

We now show that there is an isomorphism <f> : H /Vq — > 
H /Uq which makes if into a shift group, where 4> is closely 
related to cf>i-x- From the assumptions in the theorem, 
we know there is an isomorphism (f>e~i ■ Hjj — > ify. Thus 
using r and £ we have 



if t 4>t-i 4 ff 

— ~ f/[/ ~ Hy ~ . 

This defines an isomorphism 

l.H^H_ 

' Vq Uq' 



(82) 
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where <ft is the composition £ 1 o tfti^i o r. We now show 
that 

4>(jjj%l%) = Uj+i/Uo 

for —1 < j < £. From the assumptions in the theorem, 
we have fa^H^) = for -1 < j < £. Then we 

have 

fcUjVo/Vb) = (r 1 o <fti-x ° r)(^Vb/Vb) 
= Uj+i/Uo 

for —1 < j < £. Thus is the desired isomorphism, and 
H has a shift structure ({E/j}, Vb, 4>)- • 

We have just shown that Theorem [37] gives a shift 
group iJ which is a subdirect product group. Consider 
a mapping Q : H ^ H, which just regards each ele- 
ment (h u ,h v ) G H as a single element h £ H, i.e., £ : 
(/i„, i— > /i. We require the assignment £ : (1, 1) i— > 1. 
Then H is a group and £ is an isomorphism. Using the iso- 
morphism £, we can convert the subdirect product group 
H into an abstract shift group H. 

Proposition 38 The group H found by Theorem^J^is a 
subdirect product of Hjj and Hy and has a shift structure 

({Uj}, Vq, <ft). Under the isomorphism H ~ H , the group 
H has a shift structure ({Uj}, Vq, (ft) and \Uq H Vq | = 1- 

Note that we can make a round trip by starting with 
G, using Theorem [35] to obtain G, then using Theorem 
[37] to obtain H = G, and finally Proposition [35] to obtain 
H = G. Thus we can obtain any shift group G by starting 
with the description in Theorem 1371 

We now simplify Theorem 1371 further. From Theorem 
1371 we know that if H is a shift group, there is an iso- 
morphism (ftt-i : H^y 1 — > Hy or just 4>e-i : Hjj — > Hy. 
This means that Hjj and Hy are essentially the same. 
Thus the sequence of groups {H v *} in Hy corresponds 
to a dual sequence {HfJ} in Hjj. We let subgroup Hy 
in Hu correspond to subgroup Hy~ * in Hy so that 
^(Hfj*) d = H v +1 * for —l<j<£—l. Then we can 
find a refinement of the normal chain {H^} in (|78|) : 

1 = H v l < H v x * < Uq = H% < H%* < H}j < H}f < ■ ■ ■ 

<H 3 U <H 3 U *<---<H^- 2 <H^ 2 * = H i l f 1 =H l v =Hu, 

(83) 

where <fti-i(H^f) — H^ 1 * for — 1 < j < I — 1, and each 
H 3 V * < Hlj +1 for -1 < j < £ - 1. Note that since iJ^T 1 < 
H^ 1 * =H v ,we have iJ^ 2 < H l jf 2 * = H^ 1 as shown. 

The normal chain {T"} in Hy corresponds to a dual 
chain {T'j} in Hjj. We let subgroup T'j in Hu correspond 

to subgroup r" +1 in Hy so that <fie_i(T'j) = T" +1 for 
— 1 < j < I. Let Vq in Hy correspond to V ' in Hjj, so 
that ^_i(Vq) = V ". Then using <^_i and normal chain 
{r"} in ([80]) . we can find a normal chain 

i = r / _i<ri<ri<---<r5<---<rj_ 2 <rj_i = ^, (84) 



where 0£_i(r^ ) = and each I^- <-H)y and y o '<lFy for 
-1 < j < I, such that Hfj n Vq = 1^ for -1 < j < £, and 

= H 3 v T' j+1 for -1 < j < £-1. Since I^or? - Vtf', 
we have T^_ 2 < = Vq as shown. Since r ' = 1, we 
have r'_! = 1. 

Assume the two normal chains ([83]) and ([84]) are related 
such that for < j < £ there is an isomorphism ttj+i, 

H j+1 H j 

whose restriction to H^/Uq is the isomorphism a* = 
T7^-_ o Oj, where 

".;:/// ' • //,< i ;. 

and ??j'_x is the isomorphism 

n' ■ H^ 1 IT' — > H j ~ x * IT' 

given by ([2]) of Lemma [6] using Hf 1 * = H^T'j in the 
hypothesis (see Figure E]). Define «o to be the trivial 
isomorphism ciq : H^/Uq — > i/y 1 /r'_ 1 , or ccq : 1 — > 1. 




Figure 5: Commutative diagram. 

Since Hjj and Hy are essentially the same, this sug- 
gests that in the construction of H we only need to use 
Hjj . We now show that we can recover H in Theorem 1371 
by using just the two normal chains ([83]) and ([84| . iso- 
morphism (fti-i from Theorem 1371 and isomorphism <x/+i 
in jHS}. 

Theorem 39 Using the normal chain {H^,H^} in 
h83\) . {T'j} in {84% isomorphism a^+i in $85\). and iso- 
morphism <fti-\ from Theorem \31\ we can recover H in 
TheoremWh 

Proof Clearly we can recover {H{j} in ([78]) from the re- 
finement in (|83j) . Applying 4>i-i to each term in (|83j) we 
can recover {H v } in ([79]) . We know that H^ < TJy for 
— 1 < i < £ Since fte-i(Hu) = we have < iJ^ if 
and only if fa-^Hf/) = H v +1 < Hy. Then H v < iJy for 
< j < £. Similarly using ([8^]) and we can recover 

{r^'} in (|SDJ|. Apply <j> t _ x to H 3 V and Vj on the right hand 
side in ([85]) ; then we can recover f3j+i in ([81]) . Similarly 
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we can recover (3* from a* and rfj from rfj_x- Thus we 
have recovered all the assumptions in Theorem [37] and 
we can proceed to find H as in Theorem 1371 • 

We now show that we can find a shift group isomorphic 
to H by using just two normal chains and isomorphism 
ay+i, without any overt isomorphism 4>l—i- 

Theorem 40 Using the normal chain {H-jj,Hf*} in 
&83\) , {T'j} in and isomorphism <x,+i in H85\) , we 

can recover a shift group H isomorphic to H . 

Proof Define H v +1 = H J V for -1 < j < £, H J V +1 * d = 
H 3 )* for -1 < j < I - 1, f] +1 d = T'j for -1 < j < £, and 
V " = y '. For < j < £, define the isomorphism (3j+i, 

(86) 



f" 



H = G. Thus using the approach in Theorem [40J we can 
find all reduced shift groups G up to isomorphism. 

Having found shift group H', it is clear that isomor- 
phism is a sufficient condition to delineate the shift struc- 
ture of any group G isomorphic to H' . The following 
proposition shows that if two groups are isomorphic and 
one of them is a shift group, then the other is a shift 
group and there is a 1-1 correspondence between their 
shift structures. Thus Theorem [40] can effectively find 
the shift structure of all reduced shift groups G. 

Proposition 41 Let <fi : G — > H be an isomorphism. 
Then G is a shift group with a shift structure ({Xj}, Yq, ip) 
if and only if H is a shift group with a shift structure 
({Uj}, Vq, ip'), where Uj = 4>(Xj), Vq — 4>{Yq), and the 
diagrams in Figured commute. In Figure® <p\ : G/Yq — > 
H/Vq is an isomorphism naturally induced by (f> : G — > H , 
and 4>2 '■ G/Xo — > H/Uq is an isomorphism naturally 
induced by <f>. 



using Oj+i and the substitutions Hp' 1 = H 3 U} f" +1 = 1^ 
in the right hand side of (|85p. In the same way, define 
the isomorphisms (3* and 77". Similarly define /3o using 
a.Q. For < j < £, let Uj+i be the subdirect product 
of -H^ +1 x H-p 1 implied by the isomorphism (f86|) . Let 
Uq be the subdirect product of Hjj x Hy implied by the 
isomorphism /3o, i.e., Uq = Uq x 1. Define U~\ = 1 x 
1; define H = U^. Define the trivial isomorphism (p,j : 
H v +1 for — 1 < j < £ by the assignment h 1— > h, 
h e Hjj. Then all the conditions in Theorem [37] are 
met so we see that H is a group with a shift structure 
({Uj}, V Q , 4>), where Vq d = 1 x V " and } : H /Vq H/Uq 
is just the isomorphism <f>i-\. 

We have H v +1 is isomorphic to the group H v +l in The- 
orem [371 an( i m fact 



H 3 



z-i(H 3 v +1 ) 



H j+i 



where (f>i-i is the isomorphism in Theorem 1371 Similarly 
f "+1 ~ r "+l since 



r" 

1 j+i- 



Thus f/j+i, implied by the isomorphism ftj+i in ((86]) . is 
isomorphic to Uj+i, implied by the isomorphism Pj+i in 
(EH). Then H ~ F. • 



Previously we have shown that given any reduced shift 
group G, we can use Theorem [35] to obtain a subdirect 
product group G which is a shift group. Then we can use 
Theorem [37] to obtain H — G, and finally Proposition 
l38l to obtain H — G. Thus we can obtain any reduced 
shift group G by starting with the description in Theorem 
1371 In Theorem 1401 we have shown that we can obtain a 
shift group H such that H ~ H. Using Proposition [38] 
the subdirect product group H can be converted into an 
abstract shift group H' . It is easy to show that H 1 ~ 



G/Yq 



H/Vq 



G/Xq 



02 



H/Uq 



XjY /Y - 



"Xj+i/Xq 



02 



-u J+1 /u 



U 3 Vq/Vq- 
Figure 6: Commutative diagrams. 

Of course the group Hjj in Theorems ESI and 2D] is the 
state group of shift group H and H, respectively. This 
gives the following result. 

Theorem 42 A group FLjj is the state group of a shift 
group that is a subdirect product group if and only if 
(i) there is a normal chain 



1 = H- 1 < H- 1 * < U' Q = H^j < H^j* <3 H]j < H]j* < • • • 

u, 

(87) 



where each Hjj < Hjj ; 

(ii) there is a normal chain 



1 = r'_! < T' < T[ <■•■< T' 3 < T' e _ 2 < r^_! = Vq, 
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where each Tj < Hjj for — l<j<£, such that Hfj n Vq = 
rj /or -1 < j < £, and H 3 V * = B^V jJrX for -1 < j < 
£-1; 



(iii) for < j < £, there is an isomorphism aj+i, 



a j+1 : 



rrj+l 



whose restriction to H^/Uq is the isomorphism a* 
Vj-i ° a jj where 

and r/j_ 1 is the isomorphism 



H^T'j in the 



given by |]|) of Lemma\^ using H 3 jj U 
hypothesis. Define ao to be the trivial isomorphism ao 
H^/U^H^/TU, or a : 1 -> 1. 

Moreover we can find shift groups associated with Hjj 
as in Theorems 1 39\ and\40\ these shift groups are isomor- 
phic. 

Note that in (iii) of Theorem [42l the case j = £ — 1 is 
trivial once we have obtained j = £ — 2. For j = £ — 1, we 
are required to find an isomorphism 

at : Hl/U' - i^TVlVi, 

whose restriction to H v ~ x /U' Q is the isomorphism a* i _ 1 — 
Vi-2 ° a e-ii where 

a|_i : H^/Uq -> H^f 2 * /Y' t _^ 

and f^_ 2 ^ s the isomorphism given by @ of Lemma [5] 
using i?^T 2 * = Hf/ 2 T' e _ 1 in the hypothesis. But the 
isomorphism ri' e _ 2 is easy to obtain from H v ~ 2 * . And the 
case j = I — 2 in (iii) gives an isomorphism 

Using and r]' g _ 2 we can obtain a|_j. Now since 

i?^ 1 = ii^ and H v ~ 2 * — H v ~ x , we can trivially obtain 
Off by setting = a}_ 1 . Thus the case j = £ — 1 in (iii) 
can be eliminated. In addition, the group H v in ([57)) is 
now extraneous and can be eliminated. This gives the 
following corollary. 

Corollary 43 A group Hjj is the state group of a shift 
group that is a subdirect product group if and only if 
(i) there is a normal chain 

1 = H^ 1 < H^ 1 * <Uq = H v < H v * < H v < H v * <•■• 



< Hfj < H 3 V * <!•••< H'- 2 < i/^ 2 * = i^T 1 = JT, 



(89) 



(u_) i/iere is a normal chain 

i = rli < r' < r[ < ■ ■ ■ < rj < • • • < r^_ 2 < = vtf, 

where each Tj < -£/[/ /or — 1 < j < £, swc/i i/ia£ iJ^ PI V^' = 

r;- for —1 < j < and fl£ = ff^r;. +1 for -1 < j < 
£-1; 

fm) /or < j < £ — 1, there is an isomorphism ctj+i, 
H 3+l H 3 

whose restriction to H^/Uq is the isomorphism a* = 
rj'j_ 1 o dj, where 

-;:/// • ///. '• r. 

and ?7j_i is the isomorphism 

n'^-.H^/ry^Hjf^/r' 



given by (0) of Lemma\E[ using Hjj — U[/ . 



i- x * = H^rr m the 

hypothesis. Define ao to be the trivial isomorphism ao : 
H° /U' Q ^ H- 1 /^ or a : 1 - 1. 



Thus we can find all reduced shift groups G up to iso- 
morphism by first finding all state groups Hu with the 
properties in Corollary 021 and then finding associated 
shift groups as in Theorem I4TJ1 

Note that even though \Xq Ci Y \ = 1 for G, we do 
not necessarily have \Uq fl Vq\ = 1 for Hjj. From (ii) of 
Corollary [431 we have H v n V^' = 1^, which implies U' Q C\ 
Vq = Tq. Note that the state group has one less degree 
of freedom than the shift group; i.e., we have H^ 1 — 
Hu- We can think of the state group as being ll l — 1- 
controllable" g]. 

Corollary l43l suggests a method to construct any state 
group Hjj. We start with a group Uq and then construct a 
chain of groups H v that converges to H v ~ 2 ; then we find 
H v ~ 2 * = Hjj. Roughly, we can do this as follows (in the 
rough sketch here, we neglect any discussion of normality 

requirements). Let H v = U' and define T'_ 1 d = 1. Then 
ao : H v /Uq H l J 1 /T'_ 1 , which is just the isomorphism 



a 



1. We have H, 



-l* 



H u lT o 



F' n . Thus we 



have obtained H U7 T' , and ao- 

In general assume we have found H^, F'j, and an iso- 
morphism ctj. We now show how to find H°^ , r'- +1 , 
and an isomorphism ay+i that satisfies the restrictions 
in (iii) of Corollary 23] Please refer to Figure [7] where 
isomorphism aj is shown in the bottom line. Note that 
subgroup Hfj' 1 * of H(] satisfies H[J X * = H^T'j. Then 
by ((2) of Lemma [5] there is an isomorphism Vj-it 

r lj-i ■ n u l L j-i n u l L j- 
This gives an isomorphism a* , 



where each Hfj <3 Hjj; 



H 3 ' 



-l* 
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which is the next line of Figure [71 Now construct a group 



K = H 3 v V j+ll where F' j+1 



D T'j, such that H(f 



is an 



extension of U' Q by H/V-, where 



c 



H 



c 



H J 



v v " r' 

3 3 3 



In other words there is an isomorphism 

H 



ry 



which is the next line of Figure [7] We require that the 
restriction of a** to H-jj/U'^ is the isomorphism a*. Now 



3+1 



and Hfj +1 is 



find a group Hf^ 1 such that H\ 
an extension of U' by Hfj/T'j-, in other words there is an 
isomorphism 



H J 

r' : 



which is the top line in Figure [7j We require that the 
restriction of ay+i to H\j /Uq is the isomorphism a**. In 

general this restriction is easy to meet since H°j +1 D Hjj* . 



Thus we have obtained H'{j +1 , r'- +1 , 



and an isomor- 
phism Oj+i that meets the restrictions in (iii) of Corol- 



lary [43J Continuing in this way gives H v 
isomorphism 



R and 



e-3' 



In the last step, the top two lines of Figure [7| are the 
same, and the algorithm becomes degenerate. We have 



Hi 



-2* 



= H 



H = H 



and 



H^/U'z 



H 



|*2 = ag-\. First find 



Next construct a group Hy 
there is an isomorphism 



1-2* 



H 



-2 • 



ttI-2* 



H, 



i-2 



-2- 

-2 r / 
r J- 



such that 



We require that the restriction of a*. 



'-2 to H l ~ 2 



IK is 



Again, since the last step is degenerate, a* t *_ 2 is 



a£-i and Hy 2 * is H v i , which is just state group ifj, 



oy+i : 




af : 




a J : 




a 3 : 


HhIK 



H/T'j 



H 3-l 



/r' 



3 
7-1 



state group, £/q and {1^-} are related. We now prove this 
result. This approach shows finer details of the group Hjj 
and gives a more elaborate version of Figure [Jj allowing 
us to improve Corollary 1431 and the algorithm. 

Lemma 44 Let Hjj be the state group of a shift group. 
Fix j , —\<j<(. — 2. If there is a normal chain 



Q°+i < Q)+x < Q -+i < • • • < Q^+i 1 < Q p ]+1 = Hf 2 , 

(91) 

then there is a normal chain 



< 



2T 1 



H j+i 



where = H\j* and the normal chain 



H J v <iQ^ 



<Q b i<Q°i 



(92) 



(93) 



is an arbitrary refinement of the trivial normal chain 
H 3 u <Q° j . We have H{] = Q° if and only if H 3 V = Hjj* ; 
in this case any refinement in i93\) is trivial. Although 
there is no restriction on the choice of the normal chain 
in H93\) . there are dependent relations among the QJ and 
Q?+D <n < p. We have 



QJ 



Wj W j+ i 
for m, n satisfying < m < n < p. Moreover < 



(94) 
<H V if 



Qj+i < Hjj, for n satisfying < n < p. In addition, Q r j 
and are related by the isomorphism ctj+2, 

a j+2 (Q7+i/K) = Q?Ai+i, 

for n satisfying < n < p. 

Conversely, if there is a normal chain as in 



(95) 



with 

■ ■ , (HP , and 

Q" + i < Hjj if Q? < Hjj, for n satisfying < n < p, and 
properties pmj- |!75)) hold. 



= Hjj* , then there is a normal chain as in 



Proof Fix j, -l<j<£-2. We first show that if (J9T 
holds, then fl52} holds. As in ([9"11. let 



be a normal chain with each < Hjj ■ We know 

C/q <\ Hjj and ?7q C Qj+x' Then from the correspondence 
theorem, there is a normal chain 



< 



0}h 



< 



Q 2 



< 



< 



3 P 



Figure 7: Isomorphisms and groups used in construction 
of state group Hjj. 

For shift group G, we saw that Xq and the normal 
chain {Xj n 1q} were related. This suggests that for a 



where 



Q'T+JK Qf+i ' (96) 

for m > 0, n > satisfying < to < n < p, and each 
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Since for a state group there is an isomorphism Oj+2 



H u / u o H^ L /r' j+1 , for each n, < n < p, there 
is a subgroup Qj/Tj +1 such that a J+2 (Q , J +1 /U[ ) ) = 
QJ Thus the isomorphism Oj+2 gives a normal 



chain 



<] 



Q7 



< 



< 



0? 



r' r' r' r' 

S 

where each Qj/T' j+1 < H J V +1 /T' j+1 , and 



(97) 



(98) 



Since Hjj is a state group, we have Qj/Tj +1 = Hy /Tj +1 

Consider the natural map Vj+\ : H^ 1 — > iJ^ +1 /r^ +1 
defined by the assignment ft, /ir' +1 . Define Q" 



dof 



{v j+l )-\Q^/T' j+1 ). Then Q° = H 3 * and = ^ 
Then using (|97|) and the correspondence theorem, we have 
a normal chain 



where kj+i and £' are positive integers. Using (|10ip in 
Lemma I44[ we obtain the portion of the refinement be- 
tween H\j and Hf^ 1 as 



<H 



(102) 



where iJ; 



= . We only use Lemma |3H for a 



trivial refinement in (|93|) . that is, when H 3 , = Qj = 

■■■ = Q)- In t[T02]) . we have Hl} [k]+l) = H£ if e 3 = 1, 

and ^ (fej+l) - JT£ = if £j = 0. 

In general for each j, —1 < j < 1—2, we define a 
refinement in which the superscript m of Htf~ m ^ runs from 
integer kj to integer £'. For < j < £ — 1, we define 



J-l,0O dcf ff j dot jjj^kj) 



U 

e-l,(ke-i) 

u 



u 



H, 



u 



then H 



u 



H 



_1 def rr-l^k-!) 



We also define H v = H v 



notation, the portion of the refinement between Hjj and 
Hp 1 is 



v ~ 
In this 

3 

u 



where 



Q°i < Q) < 0? < • • • < Q? 



0" „ Q"/ r ^ + i 



(99) 



or/r; +1 



Since = we have C and combining this 
with (|99f gives (|92jl . From the correspondence theorem, 
we have each Q n } <\B V . Collecting PSJ), (98]), and lfT00|) 
gives ([94]) . Finally we have that (|95f holds by construc- 
tion. 

Now assume (|92l) holds. We can show that (f9Tj) holds 
by essentially reversing the above steps. • 

We see there are two cases to consider in Lemma 04] 
depending on whether = H-jj or Hy >> Hfj. For- 
mally, we introduce a parameter e» for —1 < j < £ — 1. 



We set e,- 



1 if itf/ >> and e,- = if Hi 



3* _ 



Note that parameter £j is not the same as parameter 
Ej. We have Hfi » H J V if and only if » H J V +1 . 

Therefore » H 3 ] if and only if U* +1 » U j+ i in H. 

Under the isomorphism H ~ iJ, we have >> L^+i if 
and only if U* +l » Uj+i in i7. Therefore ej corresponds 
to £j+i. Note that q_2 = e^-i = 1 always. We have 
e_i = £q. We have e_i = if and only if Tq = 1. We 
always have e_i = since Ul 1 = Uo fl Vo = 1 for a 
reduced shift group. 

In the next theorem, we use Lemma to find a re- 
finement of (|87|) . It is convenient to write the refinement 
using slightly different notation than in Lemma [44l Thus 
in place of (|9ip . we write the portion of the refinement 



between Hf^ 1 and if^ +2 as 



(103) 



( 10 °) Comparing (fT02| and (fT03|) shows that we must have 

H^* if = and 



H. 



3,(kj+l) 
U 



H, 



3\{kj+i) 
U 



m; if a 



1. This means 



kj + ej = kj + i. If we use the above procedure and apply 
Lemma l44l recursively starting with the normal chain 



rri-2 _ 7^-2,(^-2) , Trt-2,(n _ TTi-X _ tt 



we obtain 



kj — £' 22 £i 

j<i<e-i 

for —l<j<£-l. Define 



(104) 



£'= J2 <*■ 

-l<i<£-l 



Then from (|104[) we see fc_i = 0. If j = £ — 1, we define 

kj = k£-i = £' trivially. Thus as j runs from —1 to I— 1, 
fcj takes all values in the range [0,^']. Since 



\ ^ 



-l<i<l-\ -l<i<( 

we see the above definition of £' is consistent with the 
previous definition. 

Theorem 45 Let a shift group have a state group Hjj . 
There is a refinement of {Hfj}, and of the normal chain 



Hi 



3+1 



H, 



j+l,(k j+ i) <H 3+l,(k j+ i+l) ^ TT j+l,(k j+1 +2) 



U 



U 



<H\ 



j+i,' 



<H 



<H- V 



<■ 



U ' 



(101) 
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in j87\), given by 



i,(fe_ 



<--<H 



= H\ = H, 



O,(fco) 

u 



<\H; 



u 



m 



H 



U 



<\H, 



u 



<\H, 



u 



< ■ 



< • 



e'-i) 



< 



where each H 
Moreover 



j,(kj+n) 



u 



<\ Hu and H, 



(7 



-l,(kj+n) 



U 



H, 



-l,(fcj+m) 



i,(fe 3 +n) 
U 



(106) 



/or — l<i<^ — 1 and m, n satisfying kj < kj + to < 
kj + n < £' . In addition, the isomorphism <Xj + 2 satisfies 

a, +2 (i4 +1 ' (fcj+1+n) /£/o) = Hf}^ +ei+n) /T' j+1 (107) 
/or —1 < j < £ — 2 and n satisfying fcj+i < fcj+i + n < i". 
Proof Starting from the normal chain -fffr 2 = 



H 



2,(fe,_ 2 ) < ^-2,(0 = ,1 where , 2 < 



U ^ -"17 — "(7 ' vvlit = it:; xx !7 ^ -"17 

-ff^r -1 < if we can use Lemma l44l to go 'backwards' and 
for each j, — 1 < j < £ — 2, obtain a normal chain from 



H 3 V to as in (flQ5]> . where each 

satisfying fc,- < kj + n < £' , and £f 



u 

3,{kj+l) 
u 



< i?r/ for 



^ ife, 



1. 



Since fcj+i = fcj + e,-, we can restate ([55)1 of Lemma 1441 
as in (|107[) , for n satisfying fcj+i < fcj+i + rt < 

It only remains to show (| 1 06[) . We can do this by 
induction. We assume (|106|) holds for q + 1, that is, we 
assume 



•"(7 _ ^(7 



j-g+ljCfcj+m) 
'(7 



T j,(kj+m) 



(108) 



for g+l<j<^— 1 and m, n satisfying fcj < fcj + m < 
kj + n < £'. Note that the left hand side of (TPS]) is well 
defined since k q+ \ < kj for 5+1 < j. Then we show 
(|106[) holds for q, that is, we show 



H 



q,(kj+n) 
U 



H. 



T q,(kj+m) 



U 

T j,(kj+m) 



(109) 



for q < j < £ — 1 and m, n satisfying kj < kj + to < 
kj+n< £'. 

Assume that j satisfies q + 1 < j < £ — 1 and to, rt 
satisfy fcj < kj + m < kj + n < £' . Assume that (|108[) 
holds. We can write the portion of the normal chain in 
!fT0T)f between H« and as 

H v = < < ^( fe ,+ 2 ) <, . . . 

<H?; {t) = H q +\ (no) 



and between and -ff^ +2 as 



H 



9+1 



?+l,(fc 9+I ) . rjq+l,(k q+1 + l) „ 9 +l,(fc,+ i+2) 



!7 



'<H V 

q +i,(e'-i) 
u 



<H\ 



<H V 

q+l,(l') _ 



'<• 



!7 



(7 



(111) 



Then using Lemma [44] with (| 1 11 [) in place of |9T|) and 
(fTT0|) in place of l[92|. we have from (JS!]) 



a; 



9,(fc;,-+Tl) 



!7 



g,(fej+m) 



g+l,(fej+m) ' 



(112) 



Note that all terms in (|112p are well defined since k q < 
kq+i < kj for q + 1 < j. Combining (fm)) with pM]) 
gives 



q,(kj+n) 

U 



H 



j,{kj+n) 

U 



Tjq,{kj+m) Tjj,(kj+m) ' 



(113) 



We know that (|113[) holds for q + 1 < j < £ — 1 and to, n 
satisfying kj < kj+m < kj+n < £' . But (|1 13|) also holds 
trivially for j = q. Then () 1 1 3[) holds for q < j < I — 1 and 
to, n satisfying fcj < kj + to < kj + n < £' , giving (|109[) . 

We start the induction by proving (|109[) for g = £ — 3. 
But from Lemma 1441 we know there are normal chains 
H l v ~ 2 < i?^" 1 and i4~ 3 < i?^" 3 * < iJ^T 2 with 

Tji-2 Tjl-1 



tt£-3* ~ irt-2' 



Rewriting this as 



H 



U 



H 



1-2,(1') 
U 



H, 



«-3,(fef_ 2 ) 
U 



H, 



e-2,(k e _ 2 ) 
u 



gives (QUI) for g = £ - 3. 



We can illustrate Theorem [45] as previously done for 
Theorem [TT1 in Figure [21 

We are particularly interested in the portion of the 



normal chain from Hjj 1 to Hy : 



h; 



H, 



-l.(As-i) 
U 



<H 



-i,(fc_i+i) 



<• • <H, 



-l,(fc-i+n) 
(7 



<ff- 1 -^'- 1 )< J ff £ ; 1 ^ = J ff0. (ii4) 



In (|114p . the superscript to of i?^ takes all values in 
the interval [/c_i , £'] or [0,£']. Using (| 1 04[> . for j satisfying 
— 1 < j < £ — 1, we know kj takes all values in the interval 

[0, £']. Then for -1 < j < £-1, the term H^ 1 '^ appears 
in (1114[) . and we can make the definition 



A' 4£ f rr- lj(*f) 

LA 3 - rijj 



Then 



i/y 1 = A'_! < A' < • • • < Aj < ■ ■ ■ < A^_! = H% (115) 

is a refinement of (|114p which at most just repeats terms 
in (|114p . Since each H l 
each A' < Hu. 



-l,(fc_i+n) 



< i?(7, we know that 



Given a state group Hjj, the normal chain in (| 1 05|) is 
uniquely determined, and so the normal chains (|114p and 
(|115p are uniquely determined. We say the normal chain 
in (|115p is a signature chain of state group Hu . We now 
give some properties of the signature chain. 



22 



Theorem 46 Let a shift group have a state group Hjj. 
Fix j, — 1 < j < £ — 1. The signature chain of the state 
group has the property that 



TT3 + 1 TTO 



a;.' 



rrj+l 

TTj* 



ttJ* 

n u 
H j 



^±1 
A 3 



We have 



A' = H U 1 *=T' , 



3+1 



and 



\A' j+1 \ = \r> +1 \ 



(116) 
(117) 

(118) 

(119) 
(120) 

(121) 



Proof Results (TITB)) - (fTl"gj) follow from (fTMj) of Theorem 
l4"5l using the definition of A^- . 

We now show (fTT51) . We have H^ k ~ 1+1) = iJ^ 1 * 
if e_i = 1, and H v Uk - l] = H^ 1 * = H^ 1 if e_ x = 0. 
Also ko and fc_i are related by ko = + e_i. Thus 



H, 



-l,(feo) 
(7 

-l,(feo) 
(7 



if e_i = 1 or e_i = 0. But A^ 



by definition, and Hjj 1 * — H^T'q = T' using 
(ii) of Theorem |H Then (fTE)]) follows. 

Now use Lemma ©with Q' = T'^ Q = Hfj, R' = T' j+1 , 

and R = H^ . The conditions in Lemma [6] are satisfied 
because Hjj is a state group. Then ([3]) of Lemma [5] gives 



ttJ* 



(122) 



Combining (flTS)) and (fT22)) gives (fT20| . Now use induc- 
tion with (fTT9l) and (fT20"l) to obtain (fT2T|) . • 



Remark: Note from (fT2"0)) that if A'_ x = • • • = A$ = 1 
and A$ +1 ^ 1, then T'_ r = ■ ■ ■ = T'j = 1 and A' j+1 ~ 
L^ +1 . Since -ff^ -2 << H^f 2 *, we always have |A^_ 2 | < 

|AJ_ X |. 

We have the following easy corollary of Theorem I4U1 

Corollary 47 // Hjj is a state group, the factor groups 
Hf^ 1 j H^j in the normal chain {H^j} are abelian ifUg = 
is abelian. In this case then, {H-^} is a solvable series 
and Hjj is solvable. 

We can now include the results of Theorem [45] and 
Theorem |4"61 in Corollary |4"31 

Theorem 48 A group Hjj is the state group of a shift 
group that is a subdirect product group if and only if 



(i) there is a normal chain 



ff-i = H- 1 ^ < • • • < H- 1 '^ = H° = H a / ko) < ■ 



<\H 



3-l.CO 



u 



H(j = H^ 3 ' < H\ 



u 



u 



< 



< 



where each H 



j,(kj+n) 

U 



H^ 2 * =H l u 1 =H V , (123) 

<H V and Hi} {kj+1) = H V * if ej = 1; 
(ii) there is a refinement of the portion of the normal 
chain from 1 = H^ 1 to Uq = H\j, given by 

1 = A'_ x < A' < A[ < • • • A'j <j ■ ■ ■ < A^_ x = U' = H[], 

where each A^ < H v and A'j d = H^ 1 '^ for —1 < j < t; 
(Hi) there is a normal chain 

i = r'_ x < r' < r[ <■■■< r'j < • • • < r' e _ 2 < l^_! = f ', 

where each T'j <\ Hjj for —l<j<£, such that H\j PI Vq = 

/or -1 < j < i, and H% = H^+j /or -1 < j < 
£ — 1 , and 

/or -1 <j <£ - 1; 

/or < j < £ — 1 , </iere is an isomorphism ctj+i, 



Otj+i 



H j+1 H j 



(124) 



whose restriction to H^j/Uq is the isomorphism a* 
Vj-i ° a j> where 

and Vj—i * s the isomorphism 



ay.HyU^Hir 1 */^, 



n'^-.Ht'/rU^H^/r' 

given by JJ|) o/ Lemma [TJ using H^ 1 * = Hy~ V, in the 



hypothesis; define ao to be the trivial isomorphism ceo '■ 
Hl?j/U -» H^/TU, or a : 1-1; 

(wj /or < j < ^ — 1, i/ie isomorphism a^+i satisfies 



a J+1 (^ (fc3+n) /^o) =j4- 1 'to- I+e '- I+n >/rS (125) 

/or n satisfying kj < kj + n < £' . 

We now restate Theorem l48l bv combining (iv) and (v). 

Corollary 49 ^4 group Hjj is the state group of a shift 
group that is a subdirect product group if and only if (i), 
(ii), and (Hi) of Theorem \48\ hold, and 

(iv) for < j < £—1 and n satisfying kj < kj + n < £' , 
there is an isomorphism a . 3 , given by 



(kj+Tl) . Hjj 



U 



(126) 
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such that for n — 1, ...,£' — kj, the restriction of ctj + 



to H 



j,(kj+n-l) lTT i . (kj+n-l) 



I! 



/Uq is a ■ 



.,(%) 



The isomorphism 



is the isomorphism a 
isomorphism 



u j 

(t! 



rj' ; j_ 1 o a._\, where * s 



v; , :/// ; : •///• ; - 1-; 



Algorithm to find state group: 

I. Pick a group Uq and a normal chain 

1 = A'_x < A' < Ai < • • • A) < ■ ■ ■ < A^_ x = Uq (127) 

where each <J Uq. Construct the parameters ej for 
-1 < j < £ - 1. Thus using (fT2"Tj) . we set e,- = 1 if 
|A;. +1 |/|A;.| > 1 and £j = if |A$ +1 |/|AJ.| = 1. There is 
a subsequence of (|127j) . 



given by 0) o/ Lemma [3] using H t 
the hypothesis. For j = 0, note £/iat a^ '' : H\j/Uq — > 
Hy 1 * /T' is the trivial isomorphism a { ko} : 1 -> 1, and 
u;e define ctQ^ £/ws way. 



= ^ r;. zn i = A '_! < • ■ • < a;„ < A' m , < ■ • • < aj_ x = ^, (128) 



Proof For < j < I— 1 and n satisfying kj < kj+n < £', 

3. 

range as in (|126|) such that 



we define J to be an isomorphism with domain and 



(kj+n) fT rj, (kj+n) ijjix _ (rr3,(kj+n) 

Now note that ct^ 3 ^ is just a* and ctf^_i is just aj. • 

5 Algorithms 

Arpasi and Palazzo [12j have previously given an al- 
gorithm to construct a strongly controllable group code 
starting with a given group G (if it is possible). Sarvis 
and Trott |10] and Sindhushayana, Marcus, and Trott 
[TTj have given algorithms to construct all homogeneous 
trellis codes and all homogeneous shifts, respectively. In 
this section, we give an algorithm to construct the state 
group of a shift group. Using the state group, it is easy to 
construct the strongly controllable shift group and group 
code. We start with the group Uq and work up to state 
group Hjj. This approach may have an advantage in con- 
structing a Latin group code since we can specify a group 
Uq with the desired properties at the start. In the ap- 
proach here, all intermediate calculations take place in- 
side the final group Htj, whereas the approach of [i"0l[TT] 
uses a sequence of derivative codes or derived shifts which 
are indirectly related to the final group. 

We give an algorithm to find all state groups Hjj hav- 
ing a given Uq and a given signature chain 

1 = A'_ x < A' < Ai < ■ ■ ■ A'j < ■ ■ ■ < A^_ x = Uq. 

Then it is easy to find the reduced shift group associated 
with Hjj. The algorithm is loosely based on Algorithm 
1 in version 1 of this paper. We can find a Latin shift 
group and Latin group code by modifying Algorithms 2 
and 3 in version 1 of this paper. 

The algorithm is just a literal implementation of Corol- 
lary The algorithm has three parts, I, II, and III, 
which cover the index step range j = —1, ...,£ — 2. Part 
I is an initialization; this is index step j = — 1. Part II is 
the main portion of the algorithm; it covers index steps 
j = 0, ...,£ — 2. Part III just states the final result. 



consisting of terms A' m+1 for which e m — 1, or 
AJ T1+1 |/|A^ t | > 1, and an initial term 1 = A'_ x . De- 
fine parameter £' , 

i'= \{j\ej = 1,-1 <j <£-l}\. 



There are £' + 1 terms in (|128[) . We reindex the sub- 
scripts in (|128p with integers 0, 1, . . . ,£' so that order is 
preserved, and define this to be the sequence 



_ w -i,(0) 



l = H 



<H, 



<••<! Hj 



u 



< ■ 



In other words, H v 



= A' m if and only if HZ 1 '^ 



A' m ,. Note that H~ im d = A'_, = 1 and H^ d ^ 
A[_ l = Uq = H\j. In general, for — 1 < j < £ — 1 define 

kj = £' — ^ ej. 

j<i<i-\ 

Then k-\ — 0. With = 0, note that we have defined 

H -l,(k- 1+ n) forn = 0j> .. > ^ 

Define T'_i = 1. Note that T' = A' Q . 

II. For j = 0, ...,£-2: 
DO 

1 . We are given H^ and r'- . We have found Hjj as the 
sequence of subgroups 



Trj-X _ rrf'-l,(fc,-l) rjj~l,(kj-l+l) 



H 



j—l,(kj-i+n) 
U ' 



j-i,(£') 



H 3 



2. We now find Hfj +1 . We can do this in increments, 

finding 7j^'° 3+n ) a nd isomorphism aj i+ for kj < kj + 

n < £'. We already know i^ (fc,) = H\j = H^ 1 '^. 

Define the isomorphism ct^ 3 * 1 = T]j-i ° where Vj-i 

is the isomorphism 

n'j^-.Ht'/r'j^^Ht 1 */^ 

given by ([2]) of Lemma [6] using Hfj- 1 * = tffT r; in the 
hypothesis. Then 



af^-.Hfj/U^Hl- 1 */^. 
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(For j = 0, define to be the trivial isomorphism find H t 



ffeo) 



1.1 



We now consider some specific details of each incre- 
ment n. First consider kj + n = kj + tj. If ej = 0, there 

is nothing to do except define Tj +l = T'y 



If ej = l, we find H^ 3 ^ 31 such that 



(i) D Ru 

(ii) Jj^ k 3 +£ i' i s an extension of [/q such that there is 



an isomorphism a 



(fc 3 +e 3 ) 



(7 



j'-l,(fej_i+ej_i+£j 
(7 



whose restriction to H^f /Uq is oq 3 \ 

(iii) H 3 j} {ki+ei) = H(j {k3 \T' 3+1 ), where subgroup 
H +1 C H 3 j} {h3+ei) satisfies 



r J+1 n JJy — . 

r;. +1 <^ fe+£3) . 



We also require that 

For the remaining increments, for n satisfying fcj +£j < 



fcj + n < £' , we just need to find H t 



(ii) ^ 



j,(*j+n) 



U 



j,(kj+n) . 



j,(kj+n-l) 
U 



j,(kj+n) 
U 



such that 



u 



is an extension of Uh such that there is 



an isomorphism a 



(kj+n) 



U 



that H, 



u 



D H^ 3 ' an extension of T' 3 by H x such 

contains a normal subgroup which 
is an extension of r'- by Y'- +1 /T^, Now check whether 
(ii) is satisfied. Note that the direct product group H x 
gives some insight into the structure of the state group 
and explains why Dg can be the state group of the V.32 
code [BJ. 

The algorithm can be improved by using a composition 
chain of Hjj, as obtained for G in Theorem [15j this ap- 
proach somewhat resembles the cyclic extension method 
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